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Abstract

We consider a tick-by-tick model of price formation, in which buy and sell orders are modeled as
self-exciting point processes (Hawkes process), similar to the one in [El Euch, Fukasawa, Rosenbaum,
The microstructural foundations of leverage effect and rough volatility, Finance and Stochastics, 2018].
We adopt an agent based approach by studying the aggregation of a large number of these point
processes, mutually interacting in a mean-field sense.

The financial interpretation is that of an asset on which several labeled agents place buy and sell
orders following these point processes, influencing the price. The mean-field interaction introduces
positive correlations between order volumes coming from different agents that reflect features of real
markets such as herd behavior and contagion. When the large scale limit of the aggregated asset price
is computed, if parameters are set to a critical value, a singular phenomenon occurs: the aggregated
model converges to a stochastic volatility model with leverage effect and faster-than-linear mean
reversion of the volatility process.

The faster-than-linear mean reversion of the volatility process is supported by econometric evi-
dence, and we have linked it in [Dai Pra, Pigato, Multi-scaling of moments in stochastic volatility
models, Stochastic Processes and their Applications, 2015] to the observed multifractal behavior of
assets prices and market indices. This seems connected to the Statistical Physics perspective that
expects anomalous scaling properties to arise in the critical regime.
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1 Introduction

We consider a tick-by-tick model of price formation, in which price variations due to buy and sell orders
are modeled as self-exciting point processes (Hawkes process) similar to the ones in [24, 25]. This model
encodes well-documented and understood behaviors of markets at the microscopic scale. In this paper,
we study the aggregation of a large number of these point processes, self-exciting with short memory,
supposing that they are mutually interacting in a mean-field sense. The financial interpretation is that
of an asset whose price variations are the aggregation, in a suitable sense, of the variations due to
the participation to the process of price formation of several labeled agents, with positive correlations
between price variations due to orders from different agents, that reflect features of real markets such as
herd behavior and contagion [8, 30].

When the large scale limit of the aggregated price is computed, a singular phenomenon occurs: the
system displays a special scaling if the model’s parameters are set to a critical value. This seems to be
inherent in these models based on Hawkes processes, when considering that the near instability condition
in [25, 51, 10] corresponds to the criticality condition we assume in this paper. We find that the price
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dynamics constructed via this aggregation procedure converges, in the large scale limit, in the critical
regime, to a stochastic volatility model with leverage effect (as in [25]) and faster-than-linear mean
reversion of the volatility process.

The faster-than-linear mean reversion of the volatility process is supported by econometric evidence
[5]. Moreover, models with quadratic mean reversion in the volatility process have been used for option
pricing (e.g. on bitcoins) and connected issues [46, 42], and it is the drift form in the volatility function
of the 3/2-model [6]. In [19], we have linked faster-than-linear mean reversion of the volatility process to
the observed multifractal behavior of asset and index prices [39].

This seems connected to the Statistical Physics perspective, that expects anomalous scaling properties
to arise in the critical regime. The same paradigm has been used to explain scaling phenomena in many
different fields, including natural and social sciences, see e.g. [49] for a comprehensive review and [15] for
applications to market models.

Background - literature review. A relevant question in the financial literature is understanding
to what extent macroscopic financial dynamics can be derived as limits of microscopic, possibly agent-
based models [14, 18]. In [24, 25, 38, 3, 40], the microscopic dynamics of prices is modeled with Hawkes
processes, which are self-exciting point processes. In particular, in the recent work [25], a rough version
of the Heston model is derived as high-frequency limit of a market model in which price variations due to
buy and sell orders are modeled as Hawkes processes with long memory. In addition to roughness, this
provides a microscopic foundation of the leverage effect.

In this paper, we consider the aggregation of a large number of these microscopic Hawkes dynamics,
assuming a mean-field interaction. This type of interactions have been widely studied in financial math-
ematics and other disciplines [48, 47]. In [51], scaling limits for a large number of Hawkes processes as
the ones in [25], with mean-field interactions, are established. This extends in a certain direction the
fundamental study on large systems of Hawkes processes with mean-field interaction in [22]. We also
mention [31], where the 3/2 model is derived as a stochastic volatility approximation (with faster than
linear mean reversion) for a large-basket price-weighted index, where the components of the basket have
diffusive and jumps parts, and interact in a mean-field sense.

In our model, we find that in the large-scale continuous-time limit the behavior displays a special
scaling if the model’s parameters are set to a critical value. In this case, the limit behavior is that of
a stochastic volatility model with quadratic speed of mean reversion of the volatility process. We refer
the reader to [5] for econometric evidence of superlinear mean reversion of volatility and [46, 42, 12, 20]
for applications of this type of volatility process in option pricing and related issues. See also [6] and
references therein for the 3/2 model, which has a similar drift of volatility but a different volatility of
volatility compared to our limit model.

As we mentioned, several works [25, 51, 10] hint at the fact that one should look at these Hawkes
processes-based models close to a critical point. The question of why many real complex systems self-
organize at or close to the critical point is however, to a large extent, yet to be understood at a rigorous
level. The notion of self-organized criticality was proposed in the fundamental paper [4]. In few models
this phenomenon has allowed a rigorous analysis; we mention the sandpile models [2] and Curie-Weiss
type models [13]. Self organized criticality is often associated with the existence of multiple scaling
regimes (multifractality), see [43] for an account. Multifractality is a well extablished stylized fact of
market indices, stocks, commodities, exchange rates, interest rates and other financial time series [39].
In connection to these facts, in [19], we show that in a certain class of Levy-driven volatility models,
multifractality (in the form of multiscaling of moments, see next Remark 2.6) is possible only if the mean-
reverting drift function is superlinear. We remark that, in the model we analyse in the present paper, the
nonlinearity of the mean reversion is an example of anomalous critical scaling. If the parameters were set
below the critical point, then the price process would converge to a model with linear mean reversion, but
that would become trivial as the critical point is approached, in the sense that the mean reversion would
vanish. At the critical point the time needs to be rescaled to obtain a nontrivial limit, and linearity is lost
in the limit. This is close in spirit to anomalous fluctuation theorems in models motivated by Statistical
Mechanics, where non Gaussian distributions appear in the limit [17, 7].

Finally, leverage effect refers to the widely documented negative correlation between observed changes
in stock returns and volatility [26], see also [25, 41] and references therein. It is often incorporated in



models for financial price dynamics through a negative correlation between the noises driving price and
volatility, see [44, 34, 36, 50]. Leverage effect can be explained by the fact that when an asset price
decreases, the ratio of the company’s debt with respect to the equity value becomes larger, and as a
consequence volatility increases. Other “macroscopic” explanations from from financial economics have
been proposed [9, 16, 33, 28], as well as “psycological” explanations based on asymmetric responses
by investors [32]. Here, as in [25], leverage effect observed on macroscopic quantities is a product of
microstructural features, with in addition an explicit, stylized representation of interactions between
agents.

Acknowledgements. We are grateful to Mathieu Rosenbaum for discussion and for pointing out sev-
eral relevant references. PP acknowledges financial support from University of Rome Tor Vergata via
Project E83C25000470005.

Outline. In Section 2 we describe our model, state the main result of the paper and discuss it. Section
3 contains proofs and technical material, while in the appendix we collect known results on which our
proofs hinge and some auxiliary computations.

2 Model description and main results

We consider a market where N agents are placing orders for a given asset. The counting processes
N;r and N, , for i = 1,..., N, are Hawkes processes and represent variations (upward and downward,
respectively) in the price due to orders (buy and sell, respectively) placed by agent i. We refer the reader
to [29, 35, 23] and the references therein for more information on impact of buy and sell orders on price.
The contribution of agent i to the asset log-price is therefore the sum of its positive and negative price
variations

P,=N;" - N;. (1)

We also interpret this model as a decomposition over individual agents of the model in [25, 24]. See next
Remark 2.5) for an alternative interpretation in the case of market indices or portfolios.

We consider in this paper the function ¢(t) = e~ ¢t ruling the memory of the process. Note that
more general choices of ¢ : [0,4+00) — [0, +00) have been considered, see for example [25]; however, our
analysis relies on this choice. Let us introduce two sequences Vf, of o-finite measures on [0, 4+00), and
define

X0 = [ ol ) [N 9) 4 v(a)]). @
We then consider the empirical means

L
mL(t) == NZXf(t)

We will assume that the point processes (N)N | are conditionally independent given (XF)N,. Each
“upward” jump process Nf has a stochastic intensity given by

AN (t) = f(my (t) + Bymy (1)), (3)
while the“downward” jumps have stochastic intensity
An () = flymy (t) + (1 + (8 = 1)y)my (1)), (4)

where f is a given increasing, concave function of class C3, with f(0) = 0, f/(0) > 0, f”(0) < 0 with f’,
f"” and f" bounded, and 8 > 1, v € [0, 1] are parameters ruling the self and cross excitation of upward
and downward jumps (see Remarks 2.2 and 2.3).

The processes (Nijt)?:1 are called Hawkes processes. Note that the intensity is an increasing function
of the mean mﬁ and is the same for each agent, which should reflect contagion and homogeneity of the



model. The mean-field interaction models the fact that buy orders, with consequent increase in the log-
price (and viceversa, sell orders with consequent decrease in the log-price) are exciting orders of the same

type in other labeled agents. Moreover, the processes XZ-jE that are responsible for the self-excitation

of the Nii, are also driven by a common, external signal modeled by the measure Vﬁ representing a

“baseline” volatility. In what follows we will assume that
vE(dt) = a£ 6o (dt) + b dt,
where an, by are positive constants satisfying

lim VNax = a* € (0, +00), lim VNbE =bF € (0, 400). (5)
N—+oo N—+o00

Note that ay is responsible for the value at time ¢ = 0 of the stochastic intensities /\]i\,7 while by represents
a stationary external signal. More irregular choices for vy are also possible.
We now introduce the rescaled log-price process

N
Ty (t) = % > P(VEY). (6)

Our main result is the following (see next Theorem 3.2 for a more detailed version of the theorem).

Theorem 2.1. Suppose the criticality condition
a= f(0)(1+ 87) (7)

holds. The process Iy converges in distribution in (0,T] to the process w, where (w,y) solves the SDE
dre(t) = Brdt 4+ or/f/(0)y(t)dW (1) -
dy(t) = (By + oy f"(0)y* (1))dt + o/ f(0)y(t)dB(2)

with initial condition

e v (2 28 N (2 -
70) = e ) w0 = (ot g ) ot + (o 28 )

where the constants in the dynamics depend on 3,7,b* as below

/871'_ L7 (b+_b_); 0'71':\/51—1_67'

(1 +B) (1 +8)
1+58%)(1
ﬁy=(IL3+12fﬂ'y>b++(12fﬂ(l—v)+2ﬁv>b‘; ay:%(1+ﬁv); oy = (+1ﬁ+)(6+ﬂ7)

and W, B are standard Brownian motions, with correlation

d<B, W>t _ (1_‘_5)7 (1_/6)

UG o Y

Remark 2.2. Note that (3) and (4) express the jump intensity as a concave function of a functional
of past jumps. For instance, referring to (3), the term m;\r,(t) can be interpreted as the impact of past
jump upwards on )\j\',, and Bymy(t) as the impact of past jump downwards on /\}. The condition v < 1
corresponds to the requirement “past jump upwards (resp. downwards) impact more on )\} than on Ay

(resp. more on Ay than on A})”, which we need to encode herd behavior in our model. Indeed,
my > ymy and (1+ (8 = 1)y)my > Bymy,

with equality for v = 1. The condition 8 > 1 is related to the higher impact of the jump downwards,
in the following sense: “the impact of jump downwards on A}, (resp. Ay ) is greater than the impact of



jump upwards on Ay (resp. AY). Indeed the coefficient 87y of my (t) in (3) is greater than the coefficient
v of m};(t) in (4), and the coefficient (1 + (8 — 1)7) of my in (4) is greater than the coefficient 1 of m};
in (3), with equality for 8 = 1. This condition seems natural in a financial context due to the higher
“excitatory power” of downard price movements, i.e., the fact that investors react more to a decrease
than to an increase in the price; cf. also the explanation in [25]. This corresponds to 8 > 1, and gives
rise to leverage effect in the limit system in the sense of Remark 2.4. Note also that the requirements on
the impact of jump upwards and downwards lead naturally to introduce at least two parameters in the
model, possibly with a different combination from the one we have chosen.

Remark 2.3. In our setting, equations (3) and (4) encompass the fact that the effect on present jumps
intensity of compounded past jumps averaged over all the agents is not linear, but mediated by the
increasing concave function f, meaning that a saturation effect is at play, with larger past jumps producing
a stronger intensity of present jumps, with a decreasing marginal dependence. Note that the y process
in (8) is mean reverting, since f”(0) < 0.

Remark 2.4. [Leverage effect] Since v € [0,1] and 8 > 1, it always holds that (1 + 58)v/(1 + 5v) € [0, 1]
and (B, W) € (—1/4/2,0]. When 8 — oo, we have (B, W) — —1/+/2. Recall that in [25], the correlation
in the limit model is (1 — 8)/4/2(1 + ?), which we obtain here with v = 1. The fact that (B,W) <0
means that this model displays a negative relationship between changes in stock returns and in volatility,
the so called leverage effect. This is a reflection of the fact that 5 > 1, representing, as seen in Remark
2.2, the fact that jumps downwards are overall more excitatory than jumps upwards.

Remark 2.5. [Index and portfolio dynamics] A different possible interpretation of the aggregated price
in (6) and its limit ()¢, is that of an index or portfolio composed of i = 1,..., N assets. The variations of
the index are given by an average of the variations of the single components of the index, each represented
by the sum of its positive and negative “micro” variations. The single assets have dynamics as in [25, 24],
they are self exciting and are exciting each other, with jumps in one price exciting jumps in all the others
through a mean-field interaction. The diffusive dynamics is seen at a slower time scale than the order
book time scale where we see the jumps in the prices.

Remark 2.6. [Multifractality - Multiscaling of moments] Let (X;);>0 be a continuous-time martingale,
having stationary increments; in financial applications this could be identified with the de-trended log-
price of an asset, or the log-price with respect to the martingale measure used for pricing derivatives.
We say that multiscaling of moments occurs if E (| X,y — X;|9) scales, in the limit as h | 0, as h4(®),
with A(q) = 2 for small ¢ but A(q) < £ beyond a certain threshold. The presence of multiscaling in
financial time series is well established and various models have been proposed to capture it, most notably
multi-fractal processes [11], see also [52, 45, 1]. In [19] we have shown that in a stochastic volatility model
whose volatility V; solves the stochastic differential equation

dVy = —f(Vi)dt + dLs, (10)

with L a Levy process, multiscaling occurs if and only if the characteristic measure of L has power law
tails at infinity, and f is a superlinear mean reversion function, a fact that is supported e.g. by the
empirical findings in [5]. Therefore, the result in Theorem 2.1 is a possible explanation of the origin of
the superlinear mean reversion, while jumps may be produced by exogenous shocks.

3 Proofs

The proof of Theorem 2.1 is divided in two steps. We first identify a microscopic volatility process Yy (1),
and we show it converges in distribution to a solution of the second equation in (8). We use martingale
methods for this convergence; the main difficulty is to show that certain terms in the dynamics of Yy
vanish as N — 400, which is essential to obtain a closed equation for the limit of Y. As it is customary
in critical dynamics, there is one divergent term (as N — +o00) in the dynamics of Yy, which however
vanishes if the criticality condition (7) holds. In the second step we prove the convergence of the price
process. This turns out to be more difficult, as the divergent term in the price dynamics does not disappear
at criticality. This type of problem appears in perturbation theory of operators (see [21] for an application



to a mean field model). Here we circumvent the problem by applying a theorem on collapsing processes
due to Comets & Eisele [17], which may be seen as the probabilistic counterpart of a perturbation theory
argument. Theorem A.1, Theorem A.2, Lemma B.1 and Theorem B.2, which we use along the proof, are
given in the appendix.

3.1 Preliminaries

Using our specific choice ¢(t) = e~** | by Fubini’s Theorem and the fact that ¢(t) = —< L ¢(t):

/Ot Xt (s)ds = /Ot /[073] @(s —7) [ANE(r) + v (dr)] ds = /M (/f o(s — r)ds) [ANZE(r) + v (dr)]

= [ & 0 elt =) [ANF ) 4 van] = ONFO + iii0.8) — LX)

1 &

and therefore .
XE(1) = —a/ X (s)ds + NE(8) + v ([0, 1), (11)
0

Note that this computation relies on our specific functional choice for ¢, and not only on the memory.
We now give a representation of the processes X:(t) in terms of a family n; (ds, du), n; (ds,du) of
independent Poisson Random Measures on [0, +0c)? with intensity measure ds du. We can write

t
XE(t) = —a / XF(s)ds + / Ligak (s-y (WIni (ds, du) + ay, + byt, (12)
0 [0,¢] x[0,4+00)

which can be aggregated to
t 1 N
+ + + + 3t
my(t) = —a/ my(s)ds +/ 1t - (W)= > ni(ds,du) + ay + byt. (13)
N . N (0. % [0,4-00) ARG NV N ; i NN

Using then the compensated Poisson Random Measures 7. (ds, du) = ni (ds,du) — ds du we obtain the
semimartingale representation

t t 1 X
mE(t) = —a/ m (s)ds + / A% (s)ds + ad + bt + / 1[0,,\§(s—))(“)ﬁ Z nE(ds, du). (14)
0 0 [0,]%[0,+00) i=1

Note that

M= |

N
1
1o 2t (s-))(u) = ﬁii(ds,du)
xlooey T ENYN ;

are orthogonal martingales with quadratic variations % fot )\ﬁ(s)ds.

3.2 Definition and convergence of the volatility process

We now define

ya(t) = YN (125 T250) mb V0 + (250 =) + 267 ) my (V)

2 1+8 1+p 1+ 3
and
Zn(t) = w [m;(\/ﬁt) - m];(\/ﬁt)} .
Note that . -
o) = f (WYN(t/\/ﬁ) + WH%Z}\/(UW))



and

T ItV

Moreover, observing that Y > 0 and that the arguments of f in the definition of /\ﬁ are nonnegative,
we obtain the bound
148

|Zn(t)] < 7YN( )- (15)

We are going to see that the process Yy has a nontrivial limit as N — +oo, while Zx converges to zero
in a suitable sense. We begin by studying Zy. Using (13) we obtain

AN@):f( V() -

t
Zn(t) = Ex + Fyt — a\/ﬁ/ Zn(s)ds
0

17
I n; (ds,du) — n; (ds,du),
2N Jovy 0 enl Z 2\F 0wy ARG 2 ); B
(16)

where ) )
Ey = T'V\/N[a; —ay] Fy= TW\/N[b; —byl.

Now a truncation argument is needed for later use. Note that (16) can be seen as an equation for Zx
given the process Y. Actually, for a given process Y and after having extended by setting f(x) = 0
for x < 0, the corresponding solution Zy can be obtained pathwise, i.e. given the jumps of the processes
n. In particular, for a fixed h > 0, we choose Yy (t) := Yn(t) A h. Note that Zy(t) = Zn(t) up to the
stopping time

= inf{t > 0: Yy(t) > h}.

We have

t
Zn(t) = Ex + Fyt — aV/N / Zn(s)ds
0

1—~
+2\ﬁ e [0>\ S)) Zn ds, du) 2\ﬁ oV [OA Zn ds, du),
(17)
where
M0 = 1 (T VR) + e 2 20V )
and
(0 = 1 (e TtV - 2 (e V) )

It follows that

t t
Z%(t) = B3 4+ 2Fx / Zn(s)ds — 204\/N/ Z3(s)ds
0

0

+/[0,\/Nt] 1[0,,"\;(3))(“) l(ZN (?) + ;»)2 12\7 ( )] Z” (ds, du) (18)
+ /[O,th Lo g (@) [(ZN (;ﬁ) B %)2 - <\jﬁ>] ;n;(ds’du)



Using then the compensated Poisson Random Measures 7. (ds, du) = ni(ds,du) — dsdu as above we
obtain

Z2.(t) = B2 +2Fy /0 Zn(s)ds — 200N /0 " 22 (5)ds
o [ e () (G ()

o (55)
VN —)? -7 5 5 - 5
o e w e H) e (F) -

+ME (1)

¢ ¢
= E} + 2FN/ Zn(s)ds — 204\/]?/ Z%(s)ds
0 0

e 92 2 )] (i 0+ s 2 ) ds
+ N3/2 /Ot [(14_]\7)2 - 1\/_N,YZN (S)] f (1N iy (s) = %%ZN (S)) ds
+ME (1),

(19)

where M 52 is a mean zero martingale. Taking the expectation in (19) we obtain

%n«: [2;{,(,5)} — 2FyE {ZN(t)} — 2aVNE [Z?v(t):
s [l D gy o) £ (eiv 0+ =i )| o
L N3/2E [{(14]\7)2 B 1\/—nyZN (t) f LN*N( ) — T%%ZN (t))}

Using the fact that f is concave for z > 0 we have that f(z) < f/(0)|z| for all z € R. So

_~)2 . _ - -
(=7,

7(0) [T (®) +21Zn 1)) -

Moreover f is Lipschitz with constant f'(0), so

2o [ (et 04 S 2w ) — 1 (St 0 - e )]
< S| (T 0+ o 2w ()~ 1 (T (0 - o2 0)
< LD 20
Summing all up we obtain
4B [23,(0)] < 2Fx + (7P O [IZv0)] o
20— (1= OWRE [Z 0] + L powa

Using the fact that the sequence Fy is bounded (see (5)), that Yy (t) < h and using the Cauchy-Schwartz
inequality, we have that zy(t) := E [ZJQV(t)] satisfies the differential inequality for suitable constants

8



A, B> 0:

D ax(t) < A+ BYan(D) — 2o~ (1= ) OV Nax () (22)

Considering also that x5 (0) = E%; which is bounded by a constant C' (see (5)), we have, by the comparison
theorem for differential equations, that zn(¢) < yn(t), where

Lun(t) = A+ By (D) — 2o~ (1 =) f OV Nyw()

yn(0) =C.

It follows from Lemma B.1 that for every ¢ > 0
sup N3E [Z?V(t)} < +o0. (23)
N

From the pointwise estimate (23) we can derive a uniform estimate by using Theorem A.2. First we

identify the index n appearing in Theorem A.2 with N %, so all processes are indexed by N rather than
n. Set Xn(t) = Z%(t). Then (18) can be rewritten in the form

X () = Sy(Odt+ [ (s g)[Awds.dy) ~ Ax(s,dy)ds]
[0,t]xY
with

N
Y =1[0,+00) x {+, -}, An(ds,du,x) = Znii(\/ﬁd&du), An(s,du, +) = N2 du
i=1

2
fN(S’ U, :I:) = 1[0,5\1(\/ﬁs))(u) (ZN(S) + ;\;ﬁ’y) - Z?V(S)] ) (24)
Sn(t) = 2FNZn(t) — 20/ N Z3(1). (25)

We now verify that conditions in Theorem A.2 hold, with the only difference that the initial time is € > 0
1

rather than zero. We set d = 2, ay = N5, By = 1. With these choices requirements (55) are satisfied.

Now, using (23) and the fact that Zy is bounded (by (15) and the boundedness of Yy ), we have

E[X4(e)] = E [Z4(2)] < AR [Z3(e)] < BN~} <CIN—F = Crayy!
for some constants A, B and C1, so condition (56) is checked. Condition (57) follows from (25), the fact

that Zy is bounded and that VN > n = Nis. Note that no stopping time is needed here. We now
consider conditions (58) and (59). Note that, by (24),

|fN(Sau7 :l:)| §

Z‘Q
IA
Q
Q
=L

for some constants C' and Cj; moreover

2V N
1 2 ’
+ N2 (VN | 2 —_7> —- 73 <C
V) | (250 - S 2) - Zle)| <G
for some constant C5, as, for some C' > 0,
)\i(w/Nt) < i
N



by definition of A* and boundedness of Zy and Yy, and

(202 ;}) - Z(s)

Thus all conditions in Theorem A.2 are verified, and we obtain that, for all £ > 0,

2

C
< —.
- N

sup Z3,(t) — 0 in probability and in L. (26)
tele,T)

We now study Yy. Using (14) we obtain

Yn(t) = g KH2B - 12fﬂ )mN(ft) + (ffﬁ(l —7) +257) mN(\/Nt)}

:g l—a/@ﬁt«liﬁ 12fﬁ ) my(s) + (ﬁﬁﬁ(l—w)+2ﬁv> mfv(S)) dS]
(et ) 1 (G5 () Gt ()

; (12+<1 —) 257) / ™ (VlﬁYN(sNﬁ) - \}NHQBZN@/\/N)) ds]

B
P (125 1257) b o) + (12250 - 0+ 20 ) (o + 05| 1)
g Kliﬁ + 124?37) My (VNt) + (1%?5(1 =) +257) M&(\/Nt)}

=CyN+ DNt—Oé\/>/ YN ds

N 2 23 ¢ 1 1 2
vy (et o) | (R ors Jpitga ) o
1 2
N

28 ! 1
+ <1+ﬁ(1—7)+2ﬁ7>/0 f( Yn(s) = =17 ZN(5)> ds}
+ MY (t)
where
vVIN
Cy =5~ [(142-5 + 124-567> ay + (124-55(1 —) +25’y) aj‘\,}
vIN 2 2 2
Dy == KHB Hﬁﬁry) 2 (Hﬁﬂ(l_vwﬂm) bN]

and MY (t) is a martingale with quadratic variation
i) 117 v )
2 —— Yy —72 s) | ds
<1+ﬂ rv87) S T\w et \/N v )

+(1fﬁ(

We now use the Taylor expansion

VN




where R(u) is a bounded function (the boundedness of R(u) follows from the boundedness of the third
derivative). After a simple computation, we rewrite (27) as

Yn(t) = Cy + Dyt + \/ﬁ/ot[—a + f1(0)(1 + By)|Yn (s)ds

(1+ By)£(0) / YZ(s)ds + A(B,7) " (0) / Y () Zn(s)ds + B(B,)"(0) / Z(s)ds

0 0

| —

+

1 ¢ 1 1 2 1 1 28 3

1 ¢ 1 12 1 12 3
+ \/ND(ﬂ,'y)/O R (\/NYN(S) - NHZN(S)) (\/NYN(S) - \/NHﬂZN(S)) ds
+ MY (t)

(30)

where A(8,7v), B(8,v), C(B,~ and D(f,~) are constants depending on 3, v, whose precise value will not
be relevant. It should be remarked that in this expansion the term of order v N fOT Zn(s)ds has zero

coefficient: this is the main motivation for the specific choice of the combinators in the definition of Yy
and Zy.

We are now ready to prove the first part of our asymptotic result.

Theorem 3.1. Suppose the criticality condition

o= [/(O)1+67) (31)

holds. Then the sequence (Yn(t))iejo,r) converges in distribution to the unique solution of the SDE

dy(t) = Kliﬁ ffﬁﬂ bt (ff 1=+ zm) b 51+ B O2(0) | de

F0)(1+ B2)(1 + B7)
5 Vy(t)dB(t) (32)

2 26 26 -
0)=|—=+-—=7)a"+ 1—7y)+2 :
y(0) <1+ﬂ 1+ﬁw>a <1+ﬂ( 7) 67)@
where B is a simple Brownian motion.

Proof. We use next Theorem A.1, for the one-dimensional process Y (t). We choose

BN (t) := Dyt

430+ 00 [ Vs + ABAL0) [ Yl Zu(ds + BEO) [ Z(s)as

1 ¢ 1 1 28 1 1 28 s
+ ﬁc(ﬁﬁ)/o R (\/NYN (s) + ﬁmzzv (5)> (\/NYN (s) + ﬁmZN (S)) ds
1

1 ¢ 1 2 1 12 3
+ WD(@’Y)/O R <\/NYN(5) - \/Nl—I-ﬁZN(S)> (\/NYN(S) - \/Nl-l-ﬁZN(s)> d(S, |
33
o) = | (g g )0+ (T -+ 200 ) 0+ 50k 0]
VN 2 28 \° [! 1 1 28
35
2

(0 am) [ (o ),
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_ a1+ )1+ By)
a(x) = e |]. (36)

By (28) and (30) it follows that Yy — AY is a martingale with quadratic variation AY. Conditions (48),
(49) and (50) are trivial, since AY and B are continuous in ¢ and the jumps of Yy have order ﬁ By

Theorem B.2 the SDE (32) has a unique solution, and

NLHEOO Yn(0) = NE)IEOO On =y(0).

Thus, to complete the proof, we need to establish (51) and (52). We begin by (52). Note that

BN (t) — /Ot b(Yn(s))ds = {DN - (1436 + 12f6y> bt — (12f5(1 —v) + 2&) b—} t

T+ AB ) (0) / Y (s)Zn (s)ds + B(3.7)1"(0) / Z(s)ds

1 ¢ 1 1 28 1 1 28 3
1 t 1 12 1 12 3
+ ﬁD(ﬁﬁ)/o R (\/NYN(S) - \/JvlJrﬁZN(S)> (\/NYN(S) - \/NlJrﬂzN(s)) ds (37)

To prove (52) we show that all terms in the r.h.s of (37) converge to zero in probability after replacing ¢
by t AT, with 7 := inf{t > 0: Y (t) > h}. The first term in easy, since

. (2 2 28 _

by (5). The estimate of the next two terms in (37) is based on the facts that, for ¢ < 7V, we have that

Thus

t/\‘r,iv

Ao | " Ya()Z (s)ds + B(,) £ (0) | zdsas Chu:)

t
< constant-/ ZJQV(S)ATh2dS
0

which, by (23) and dominated convergence, converges to zero in L' and so in probability. For the
remaining two terms in (37) we use again

which implies that

tATL 1 1 28 1 1 28 8
Rl—=Yn(s)+ ——=—-2n (s —Yn () + —=—"-2Zn(s)] ds
L (e gitsane) (e gpitsan )
is bounded by a constant. This completes the proof on (52). The proof of (51) is similar but easier, as
it requires only a first order expansion for f |

12



3.3 Convergence of the joint price-volatility process

Let us recall the rescaled log-price in (6)

N N
1 1
y(t)=—= > Pi(VNt) / L1+ (oo (W) (ds, du)
/N; NZ [0,/ 4] X [0,-+00) [0, A% (s7))

i=1

— ey (w)n; (ds,du) | .
/0\/>t]><0+ ) [0 (7))

Compensating as above the Poisson Processes we obtain
B ! 1 1 28
HN(t)—N[/O f<\/]VY (s) + fl—i—ﬂZN()>ds
K 1 12 -
- /0 f (\/NYN(S) - \/NI—MBZN(S)) ds] + My (1),

where M1 is a martingale with zero mean and quadratic variation
¢ 1 1 28 ¢ 1 1 2
A (o 22 @) aos [ (v L2 z)a]. o
0f \/NN(S) NIt 7 ~(s) ) ds Of \/NN(S) N n(s) ) ds (39)
We can also easily identify the covariation between the martingales ML and MY, which is given by
1 B ! 1 1 28
al ) [ (G e+ i)
75 Tiet) ), I\ RO T IR T a9 ds
(250-0+8) [ 1S - =iz ] @
| —(1 - — —_—— S s| .
g T IR T R T8

We can now rewrite (38) by using the Taylor expansion (29), and we obtain
t
My (t) = zf'(o)W/ Zn(s)ds
0

5770 [ (v + ff/gZN@))Q - (- QZN@))Q] ds

+ ﬁ /OtR <YN(S) + 13_%21\/(5)) <YN(S) + 1i_BBZN(s)) ds
+ \/%/OtR (m( ) - % N(s)> (YN(s) - liﬁzN@)SdHM;}(t) o
= 2f OVN [ Zx(s)as
; 0
170 [ [z + 25 20| s
+ \;N/otR <YN(3) + ff/BZN(s)> <YN( )+ %ZN( ))3ds
+\/1N/OtR<YN(S) %zm )) (m( ) mZN( ))3ds+M}3(t>.

The problem here is in the term 2f7(0 \/> fo Zn(s)ds. We have shown that

T/\'rh
/ ZJQ\,(s)ds] =0,
0
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but this does not allow to control v N fo Zn(s)ds. To overcome this difficulty, we go back to (16), which
gives

Zn(t) = Ex + Fyt — m/N/t Zn(s)ds

LG et ()
VN 1+

1 (¥ V) - Zx(sVR)) | s+ 2iE 0

where MZ(t) = 1_7A*Mjg(t) Expanding f as above we obtain

L
+ 5

ZN(t):EN+FNt7(a7(1f'y)f’(O))\/N/O Zn(s)ds

H =0 [ V(2006 + T3 20 s+ Qulo) + 3R,

(42)

where Qn (t) comes from the cubic part of the expansion, and Qn(t A T,jlv ) converges uniformly to zero
as N — +oo. We can now use (42) to eliminate the divergent term from (41).

2/"(0) 2f'0) . 2/(0)

) == o T a0 Y T a s a o) M
+2/"(0) (2 + m> /0 {YN(S)ZN(S) n %Zﬁv(s) ds (43)
SO0 )
(T ) o+ e

where @y (t) is the same as the one in (42) up to a multiplicative constant.
We can now describe the asymptotic behavior of the log-price process. In what follows by convergence
in distribution in (0, 7] we mean that the convergence occurs in [¢,T] for all € > 0.

Theorem 3.2. Suppose the criticality condition

a=f(0)(1+ ) (44)

holds. The pair (1, Yn) converges in distribution in (0,T) to the process (m,y) where y(t) solves equation
(32), and

I S - +6’y SaON0!

(45)
1—x _
7(0) = ——(a™ —a™),
© ’y(l+5)( )
where W is a Brownian motion, and
2
-1

aBwy, ="~ (46)

dt
(1+67)v2(1+5%)

Proof. We use Theorem A.1 for the two dimensional process (IIy,Yx). The convergence of Yy has been
already established. So, we need to show the convergence of: the drift part of I, the quadratic variation
of the martingale part of Iy, and the quadratic covariation of the two martingale components.

The drift part of Iy contains the term

2/'(0)

a@-nro™
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which asymptotically produces the constant drift

PO e,
S EE ORI

To complete the treatment of the drift we need to show that, for every e, > 0,

Z5>Oa

which readily follows from (26) and the fact that Yy is bounded up to time 7.
The martingale component of ITy is given by, using o = f/(0)(1 + B),

FOA-) \ o 146
(1 o 7)f’(0)> My =075

Thus, using (39), we need to show that

lim P ( sup /Ot [YN(S)ZN(S) + MZ%(S)] ds

Nodoo N\ e<i<raryy

MR(t).

lim IP’( sup

N=too  \ cct<ary

/AN ds—/2f<>YN< )ds

0

> 5) —0, (47)

where

1 1 2 1 1 2
An(s) == N[ (Y §) — ——=—-2 3)+ <Y §)— —=—-24 s)],
w(s) = VI | (W) = o5 2n () ) +f (0w (s) = S5 2v
which is established by a simple first order Taylor expansion of f.

Finally we need to verify the convergence of the covariation. Using (40), it follows that the covariation
(MY, MY)(t) converges, in the sense of (51), to

Pyt [y sas

Thus, comparing (32), and (45), we need

VIO)y#)(1+52)(1+ By) 1+ By (1-B)(1+ BY)
1+ 5 1_1_/6,\/ t)d(B, W)( f()Wy(t)dt,

which implies (46). ]

A Useful results

These theorems correspond to Theorem VII, 4.1 [27] and the Proposition in Appendix A in [17].

Theorem A.1 (Diffusion approximation ). Let (XV) and (BN)NGN R -valued processes with

NeN
cadlag sample paths and let AN = (Af\][) be a symmetric d X d matriz-valued process such that Aﬁ\](
has cadlag sample paths in R and AN(t) — AN(s) is non-negative definite for all t > s > 0. Let
FY =0 (XN(s),BN(s),AN(s) : s <t). Let 7{¥ == inf {¢t>0: |[XN(t)] > hor|XN(t7)| > h}, where
XN(@t7) = lim,_,,~ XN (s) denotes the left-hand limit. Assume that

o MVN = XN — BN and MNMN Ag i,7=1,...,d are (.Ffv)-local martingales
e for eachT >0, h >0

lim E| sup |[BN(t)-BY@t)?| =0 (48)
N —+o00 tST/\T;ILV
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o foreachT >0,h>0,4,57=1,....d

1 N — N - =
Jim E [Tup AN (1) — ANt >|] 0 (49)
o for eachT >0, h >0
lim E| sup |[XV(@t) - XN =0 (50)
Nodoo  li<rary

e there exist a continuous, symmetric, non-negative definite d x d matriz-valued function on R%, a =
(aij), and a continuous function b : R? — R? such that, for each h >0, T >0 and i,j =1,....,d,
and for all € > 0,

lim IP’( sup Ag(t)f/o a;; (XN (s))ds

N=too  \y<rary

> e> =0 (51)

and

lim P sup
Nodoo  \y<rary

BN(t) - / (XN (5))ds

> e> =0 (52)

e the Cra ([0, +00)) martingale problem for
- 1 -
A= Q| G =53 000 f + 3 bidif |+ f €C (RY) (53)
.7 i

is well-posed.

o the sequence of the initial laws of the XN s converges in distribution to some probability distribution
on R?, v.

Then (XN)N converges in distribution to the solution of the martingale problem for (A, v). That is, the

laws of the processes (XN) converge weakly to the law of a process X which is a weak solution of the

SDE

N

dX () = b(X (t))dt + S(X (£))dW (¢) (54)

where b = (b;); and (EET) = a;; are the drift vector and the diffusion coefficient in (53).

ij
Theorem A.2. Let {X,,(t)},>1 be a sequence of positive semimartingales on a probability space (2, A, P),
with

AX () = Sudt + [ fols” ) n(d, ) — A (. du)d]

[0,¢]xY

Here, A, is a Point Process of intensity A, (t,dy)dt on RY x Y, where Y is a measurable space, and S, (t)
and f,(t) are A;-adapted processes, if we consider (Ay)i>o a filtration on (2, A, P) generated by A,,.
Let d > 1 and C; constants independent of n and t. Suppose there exist {au, }n>1 and { B }n>1, increasing
sequences with

ntda T B2E0 0 p g, 22T 0 plg, B2 (55)
and .
E[(Xn(())) } <Cra;d  foraln (56)

Furthermore, let {7, }n>1 be stopping times such that fort € [0,7,] andn > 1,

Sn(t) < —ndX,(t) + 8,02 + Cs with § > 0 (57)
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sup | fult,y)| < Caay, ", (58)
weyeY t<r,

and also assume

ot nPaan <. (59)
Then, for any € > 0, there exist Cg > 0 and ng such that
sup P{ sup X, (t) > Cs(n%a;t Vaun 1)} <e (60)
n>ngo 0<t<T ATy,

B Auxiliary computations

Lemma B.1. For m > 0 let y,,(t) be the solution of

A+B\/ ym, mym

ym(O) =C,
where A, B, C are positive constants. Then for every t >0

lim sup m y, () < +oc.

m—r o0
Proof. By comparison principle with the solution of the linear ODE one can see that ym(t) > 0. Let
(Yin)m be the sequence Yy, = 4(B? /m?*+ A/m), for which it holds that that A+B\/z—mz < —(m/2)z for
2 > Y,,. Then ¢, < —(m/2)y,, when y,, > Yy, and 5,,, < 0 since y,,, > 0. Let 7,, = inf=o{ym(t) < Yo, }.
Consider equation 2 = —(m/2)z, whose solution is z(t) = z(0)e=™*/2. So 2(2/y/m) = z(0)e —Vm Now,
between 0 and (2/1/m) ATy, we have that ¢, < —(m/2)Ym, so by comparison y,,,(2//m) < Ce~ ‘/>+Y
For t > 2//m, we have y,, (t) < Ce™V™+Y,, and 2/y/m — 0 and limsup,,_, , .. m(Ce~ VmLy, ) < +oo.
This implies the statement. u

Theorem B.2. The stochastic equation
dX; = /20X dW; + (=bX? + c)dt, Xo =z >0, (61)

with a,b,c > 0 admits a weak solution for which pathwise uniqueness holds. If 0 < ¢ < a, the point 0 is
attainable and the process is reflected upwards at 0, so that X spends 0 time at 0. If ¢ > a, the point O
18 not attainable and the process is always strictly positive.

Moreover, the bi-dimensional equation

dX; = \/2aX;dB; + (=bX} + c)dt, Xo =10 >0,

_ (62)
d& = wdt + v/ XedWs, =& €R

with a,b,c,v > 0, w € R, (B,W) = p € [—1,1] also admits a weak solution, for which pathwise uniqueness
holds

Proof. Let us write 02?(x) = 2ax and p(z) = —bx? + c. Following [37][p.446, Chapter 3. Some results
on one-dimensional diffusion processes|, we prove that there exist a (weak) unique (pathwise) solution to
(61). The diffusion and drift coefficients are of class Cy on (0, +00), the diffusion coefficient is positive

n (0,+00). So Equation (61) is uniquely defined until the stopping time T, = Ty A T, where Tj is the
hitting time of 0 and T, the explosion time. Let us now introduce, relative to (61), speed measure M
with density m and scale function S given by

2 x
m(z) = S2()s(@) and S(z) = /1 s(y)dy, (63)

We have that S(4+00) = 400 for any parameters choice, so the

with s(y) = exp(— [} 2u(y)/o* (y)dy).
) = —o0 if ¢ > a, so in this case [37][Theorem 3.1] tells us that

process does not explode, and S(0
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P(T, = +00) = 1, so there exist a (weak) unique (pathwise) solution to (61) and with probability one the
process remains strictly positive for all times ¢ (the boundary is not attainable). If 0 < ¢ < a, we have
S(0) € R and the process hits 0, i.e. P(Ty < +o0) = 1. We have dX; = cdt, with ¢ > 0, when X; = 0,
so the process is reflected at 0 and the explosion time is still infinity, so existence still holds. Pathwise
uniqueness can be shown adapting [37][Theorem 3.2], using the fact that —bX? < 0 to control I; in the
proof. Note that this is consistent with the known results on CIR process.

To obtain a solution to the bi-dimensional equation, the second component must be given by

t
gt:§0+wt+v/ \/Xdes
0

To have weak existence and pathwise uniqueness, we check that /X. € M?2[0,T].

E/Ot(\/)TS)st = /OtE[XS]ds < +00

by comparison with a suitable CIR process (or computing it using speed measure and scale function).
Therefore the statement holds true. [ |

References

[1] A. Andreoli, F. Caravenna, P. Dai Pra, and G. Posta. Scaling and multiscaling in financial series: a
simple model. Advances in Applied Probability, 44(4):1018-1051, 2012.

[2] Siva R Athreya and Antal A Jarai. Infinite volume limit for the stationary distribution of abelian
sandpile models. Communications in mathematical physics, 249:197-213, 2004.

[3] E. Bacry, S. Delattre, M. Hoffmann, and J.F. Muzy. Some limit theorems for Hawkes processes and
application to financial statistics. Stochastic Processes and their Applications, 123(7):2475-2499,
2013.

[4] Per Bak, Chao Tang, and Kurt Wiesenfeld. Self-organized criticality. Physical review A, 38(1):364,
1988.

[5] Gurdip Bakshi, Nengjiu Ju, and Hui Ou-Yang. Estimation of continuous-time models with an
application to equity volatility dynamics. Journal of Financial Economics, 82(1):227-249, 2006.

[6] Jan Baldeaux. Exact Simulation Of The 3/2 Model. International Journal of Theoretical and Applied
Finance, 15(05):1250032, 2012.

[7] Fulvio Baldovin and Attilio L Stella. Central limit theorem for anomalous scaling due to correlations.
Physical Review E—Statistical, Nonlinear, and Soft Matter Physics, 75(2):020101, 2007.

[8] Sushil Bikhchandani and Sunil Sharma. Herd behavior in financial markets. IMF Staff Papers,
47(3):279-310, Jul 2000.

[9] F. Black. Studies of stock price volatility changes. In Proceedings of the 1976 Meetings of the
Business and Economical Statistics Section, pages 177-181. American Statistical Association, 1976.

[10] Jean-Philippe Bouchaud, Yuval Gefen, Marc Potters, and Matthieu Wyart. Fluctuations and re-
sponse in financial markets: the subtle nature of ‘random’ price changes. Quantitative Finance,
4(2):176-190, 2004.

[11] Laurent Calvet and Adlai Fisher. Multifractality in asset returns: Theory and evidence. The Review
of Economics and Statistics, 84(3):381-406, 2002.

[12] Peter Carr and Sander Willems. A lognormal type stochastic volatility model with quadratic drift.
Papers 1908.07417, arXiv.org, August 2019.

18



[13]

[14]

[15]

[16]

[17]

[18]

Raphagl Cerf and Matthias Gorny. A Curie-Weiss model of self-organized criticality. The Annals of
Probability, 44(1):444 — 478, 2016.

A. Chakraborti, I. Muni Toke, M. Patriarca, and F. Abergel. Econophysics review: I1. Agent-based
models. Quantitative Finance, 11(7):1013-1041, 2011.

Damien Challet and Matteo Marsili. Criticality and market efficiency in a simple realistic model of
the stock market. Phys. Rev. E, 68:036132, Sep 2003.

A. A. Christie. The stochastic behavior of common stock variances: Value, leverage and interest
rate effects. Journal of Financial Economics, 10:407-432, 1982.

Francis Comets and Th Eisele. Asymptotic dynamics, non-critical and critical fluctuations for a
geometric long-range interacting model. Communications in mathematical physics, 118(4):531-567,
1988.

Rama Cont and Jean-Philipe Bouchaud. Herd behavior and aggregate fluctuations in financial
markets. Macroeconomic Dynamics, 4(2):170-196, 2000.

P. Dai Pra and P. Pigato. Multi-scaling of moments in stochastic volatility models. Stochastic
Processes and their Applications, 125(10):3725-3747, 2015.

Kaustav Das and Nicolas Langrené. Explicit approximations of option prices via malliavin calculus
in a general stochastic volatility framework. arXiv preprint arXiv:2006.01542, 2020.

Donald A Dawson. Critical dynamics and fluctuations for a mean-field model of cooperative behavior.
Journal of Statistical Physics, 31(1):29-85, 1983.

Sylvain Delattre, Nicolas Fournier, and Marc Hoffmann. Hawkes processes on large networks. The
Annals of Applied Probability, 26(1):216-261, 2016.

Bruno Durin, Mathieu Rosenbaum, and Grégoire Szymanski. The two square root laws of market
impact and the role of sophisticated market participants. arXiv preprint arXiv:2311.18283, 2023.

M. Hoffmann E. Bacry, S. Delattre and J. F. Muzy. Modelling microstructure noise with mutually
exciting point processes. Quantitative Finance, 13(1):65-77, 2013.

Omar El Euch, Masaaki Fukasawa, and Mathieu Rosenbaum. The microstructural foundations of
leverage effect and rough volatility. Finance and Stochastics, 22(2):241-280, 2018.

Robert Engle and Victor K Ng. Measuring and testing the impact of news on volatility. Journal of
Finance, 48(5):1749-78, 1993.

Stewart N Ethier and Thomas G Kurtz. Markov processes: characterization and convergence. John
Wiley & Sons, 2009.

K. French, G. Schwert, and R. Stambaugh. Expected stock returns and volatility. Journal of
Financial Economics, 19(1):3-29, 1987.

Jim Gatheral. No-dynamic-arbitrage and market impact. Quantitative Finance, 10(7):749-759, 2010.

Antonio Guarino. Herd behavior and contagion in financial markets. B E Journal of Theoretical
FEconomics, 2008. Published online.

Ben Hambly and Juozas Vaicenavicius. The 3/2 Model As A Stochastic Volatility Approximation
For A Large-Basket Price-Weighted Index. International Journal of Theoretical and Applied Finance
(IJTAF), 18(06):1-25, 2015.

T. Hens and S. C. Steude. The leverage effect without leverage: An experimental study. Finance
Research Letter, 6(2):83-94, 2009.

19



[33]

[34]

[35]

[36]

[37]

Ludger Hentschel and John Campbell. No news is good news: An asymmetric model of changing
volatility in stock returns. Technical report, Harvard University Department of Economics, 1992.

Steven L. Heston. A closed-form solution for options with stochastic volatility with applications to
bond and currency options. The Review of Financial Studies, 6(2):327-343, 04 2015.

Gur Huberman and Werner Stanzl. Price manipulation and quasi-arbitrage. FEconometrica,
72(4):1247-1275, 2004.

John C Hull and Alan D White. The Pricing of Options on Assets with Stochastic Volatilities.
Journal of Finance, 42(2):281-300, June 1987.

Nobuyuki Ikeda and Shinzo Watanabe. Stochastic differential equations and diffusion processes,
volume 24 of North-Holland Mathematical Library. North-Holland Publishing Co., Amsterdam,
1981.

Thibault Jaisson and Mathieu Rosenbaum. Limit theorems for nearly unstable Hawkes processes.
The Annals of Applied Probability, 25(2):600 — 631, 2015.

Zhi-Qiang Jiang, Wen-Jie Xie, Wei-Xing Zhou, and Didier Sornette. Multifractal analysis of financial
markets: a review. Reports on Progress in Physics, 82(12):125901, nov 2019.

Baron Law and Frederi Viens. Hawkes Processes and Their Applications to High-Frequency Data
Modeling, chapter 7, pages 183-219. John Wiley & Sons, Ltd, 2016.

A. Lejay and P. Pigato. A threshold model for local volatility: evidence of leverage and mean
reversion effects on historical data. International Journal of Theoretical and Applied Finance, 22(4),
2019.

Alan L. Lewis. Exact solutions for a gbm-type stochastic volatility model having a stationery
distribution. Wilmott, 2019(101):20—41, 2019.

Dimitrije Markovi¢ and Claudius Gros. Power laws and self-organized criticality in theory and nature.
Physics Reports, 536(2):41-74, 2014.

P. S. Hagan nad D. Kumar, A. S. Lesniewski, and D. E. Woodward. Managing smile risk. Wilmott
Magazine, pages 84—108, 2002.

Eyal Neuman and Mathieu Rosenbaum. Fractional Brownian motion with zero Hurst parameter: A
rough volatility viewpoint. FElectronic Communications in Probability, 23, 2017.

Artur Sepp and Parviz Rakhmonov. Log-Normal Stochastic Volatility Model With Quadratic Drift.
International Journal of Theoretical and Applied Finance (IJTAF), 26(08):1-63, December 2023.

F. Slanina. Mean—field approximation for a limit order driven market model. Physical review. E,
Statistical, nonlinear, and soft matter physics, 64 5 Pt 2:056136, 2001.

Eric Smith, J Doyne Farmer, Laszlo Gillemot, and Supriya Krishnamurthy. Statistical theory of the
continuous double auction. Quantitative Finance, 3(6):481-514, 2003.

D. Sornette. Critical Phenomena in Natural Sciences: Chaos, Fractals, Selforganization and Disor-
der: Concepts and Tools. Springer Series in Synergetics. Springer Berlin Heidelberg, 2013.

Elias M Stein and Jeremy C Stein. Stock Price Distributions with Stochastic Volatility: An Analytic
Approach. The Review of Financial Studies, 4(4):727-752, 1991.

Grégoire Szymanski and Wei Xu. Mean-Field Limits for Nearly Unstable Hawkes Processes. arXiv
e-prints, page arXiv:2501.11648, January 2025.

Peng Wu, Jean-Francois Muzy, and Emmanuel Bacry. From rough to multifractal volatility: The
log S-fBM model. Physica A: Statistical Mechanics and its Applications, 604(C), 2022.

20



RECENT PUBLICATIONS BY CEIS Tor Vergata

Credit Markets, Corporate Governance and Growth
Emanuele Brancati, Paolo E. Giordani, Maurizio lacopetta and Raoul Minetti
CEIS Research Paper, 595 March 2025

Using Multiple Tools to Enhance Competition in Public Procurement
Clara Calini, Alessandra Catenazzo and Elisabetta lossa
CEIS Research Paper, 594 February 2025

Rage Against the Machine or Humans?
Luca Delle Foglie, Stefano Papa and Giancarlo Spagnolo
CEIS Research Paper, 593 February 2025

Firms’ Legality and Efficiency: Evidence from Public Procurement
Elisabetta, Chiara Latour
CEIS Research Paper, 592 February 2025

Green Ambiguity
Marco Carli
CEIS Research Paper, 591 February 2025

Who Decides Matters: Female Representation and Academic Career Advancement
Marianna Brunetti, Annalisa Fabretti and Mariangela Zoli
CEIS Research Paper, 590 December 2024

Multivariate Rough Volatility
Ranieri Dugo, Giacomo Giorgio and Paolo Pigato
CEIS Research Paper, 589 December 2024

With a Little Help from Nurseries. Childcare Services and Mothers’ Employment in
Italy

Chiara Puccioni and Daniela Vuri

CEIS Research Paper, 588 December 2024

SMEs Performance in Public Procurement and the Italian Legality Rating
Andrea Fazio, Erminia Florio and Gustavo Piga
CEIS Research Paper, 587 December 2024

A Reinforcement Learning Algorithm For Option Hedging
Federico Giorgi, Stefano Herzel and Paolo Pigato
CEIS Research Paper, 586 December 2024




DISTRIBUTION

Our publications are available online at www.ceistorvergata.it

DISCLAIMER

The opinions expressed in these publications are the authors’ alone and therefore do
not necessarily reflect the opinions of the supporters, staff, or boards of CEIS Tor
Vergata.

COPYRIGHT

Copyright © 2025 by authors. All rights reserved. No part of this publication may be
reproduced in any manner whatsoever without written permission except in the case
of brief passages quoted in critical articles and reviews.

MEDIA INQUIRIES AND INFORMATION

For media inquiries, please contact Barbara Piazzi at +39 06 72595652/01 or by e-
mail at piazzi@ceis.uniromaZ2.it. Our web site, www.ceistorvergata.it, contains more
information about Center’s events, publications, and staff.

DEVELOPMENT AND SUPPORT

For information about contributing to CEIS Tor Vergata, please contact at +39 06
72595601 or by e-mail at segr.ceis@economia.uniroma?2.it




