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ABSTRACT. Starting from the notion of multivariate fractional Brownian Motion introduced in
[F. Lavancier, A. Philippe, and D. Surgailis. Covariance function of vector self-similar processes.
Statistics & Probability Letters, 2009] we define a multivariate version of the fractional Ornstein—
Uhlenbeck process. This multivariate Gaussian process is stationary, ergodic and allows for dif-
ferent Hurst exponents on each component. We characterize its correlation matrix and its short
and long time asymptotics. Besides the marginal parameters, the cross correlation between one-
dimensional marginal components is ruled by two parameters. We consider the problem of their
inference, proposing two types of estimator, constructed from discrete observations of the pro-
cess. We establish their asymptotic theory, in one case in the long time asymptotic setting, in the
other case in the infill and long time asymptotic setting. The limit behavior can be asymptotically
Gaussian or non-Gaussian, depending on the values of the Hurst exponents of the marginal compo-
nents. The technical core of the paper relies on the analysis of asymptotic properties of functionals
of Gaussian processes, that we establish using Malliavin calculus and Stein’s method. We provide
numerical experiments that support our theoretical analysis and also suggest a conjecture on the
application of one of these estimators to the multivariate fractional Brownian Motion.
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1. INTRODUCTION

In this paper, we define a multivariate version of the fractional Ornstein-Uhlenbeck process (fOU),
i.e. the solution to a stochastic differential equation (SDE) with affine drift and constant volatility,
driven by a fractional Brownian motion (fBm). We define each component of this multivariate
process as the fOU solution to a one-dimensional SDE driven by one component of the multivariate
fBm (mfBm) introduced in [32], which allows for different Hurst exponents on each component
and for non-trivial interdependencies. The resulting multivariate fOU (mfOU) is a multivariate
stationary and ergodic fractional process, with smoothness/regularity degree that can be different in
any component. This process has a richer correlation structure than that of the classic diffusive case,
in the sense that the correlation between ¢ — th and j — th components depends on p;;, analogous
to the correlation coefficient of the diffusive situation, and also on a parameter 7;; that rules the
time-reversibility of the process, which is also inherited from the mfBm.

We propose a generalized moment estimator for these correlation parameters p = (pi;)ij=1,....d
and 1 = (1;5)i,j=1,....d, based on discrete observations. We study consistency and the asymptotic
law of the rescaled errors, which can be normal or non-normal, depending on the value of the
Hurst parameters, as the number of equally spaced observations of the process goes to infinity.
This estimator presupposes the knowledge of the parameters of the marginal one-dimensional f{OU
processes. Even if not ideal, this seems a reasonable setting since the problem of estimating a one-
dimensional fOU has already been widely considered in the literature both in theory and practice. A
potential problem with this approach is, for example, the estimation of the mean reversion parameter,
since errors in the estimation of the marginal processes would propagate in the estimation of the cross-
correlation parameters. For this reason, leveraging a short-time expansion of the cross-covariance
function, we also propose a modified estimator for p and n that does not depend on the mean
reversion parameters of the one-dimensional marginal processes, for which we show consistency in
the infill and long-span asymptotic. We also show asymptotic normality for this estimator of p, for
values of the Hurst parameters in a certain interval. Since for this estimator we consider the infill
asymptotics, we refer to this second estimator as “high frequency estimator” to differentiate if from
the first “low frequency estimator”.

In the one-dimensional case, an analogous derivation leads to two estimators for the volatility
parameter of the fOU process, for which we provide the asymptotic theory as above. In particular,
one of these two estimators, even if derived in a different way, closely resembles the estimator of the
volatility of volatility parameter used in [23], which was implemented there as a regression.

Finally, we perform a Monte Carlo study on the mfOU to evaluate the goodness in finite samples
of the asymptotic theory of our estimators. We also test our “high frequency estimator” on the
mfBM (that is, the mfOU with vanishing mean reversion) finding that the estimator works well in
the “rough” case (i.e., when the Hurst parameters are not too large). Our numerical results are
consistent with what we expect from our theoretical asymptotics, thus confirming their validity and
viability in practical applications.

Related work: The one-dimensional fOU process has been widely studied, starting from the work
by Cheridito et al. [10]. In order to define its multivariate version, we combine it here with the
mfBM, introduced in [32] and thoroughly investigated in [2, 1, 13]. The resulting multi-dimensional
fOU process could be interpreted as the solution to a multivariate fractional SDE, but not in the
sense of the standard theory, which assumes the same Hurst parameter in any component [42].
The technical mathematical core of our paper relies on Malliavin calculus and Stein’s methods for
Gaussian processes, for which we refer to [34, 38, 39, 40, 41], and use them to analyse the asymptotic
distribution of functionals of stationary Gaussian processes, following [49, 16, 35, 3, 4].

The fOU process is relevant in several applications, notably in volatility modelling, following the
groundbreaking work on fractional volatility by [14] and on rough volatility by [23]. For other
applications of fOU to (rough) volatility modeling we refer to [20, 22, 21, 26, 28, 5, 6] and for
electricity prices modeling to [37, 24]. Because of these applications, the problem of estimating fOU
parameters has received considerable attention both in the mathematical [29, 9, 31, 30, 27, 53] and the
econometrical [8, 52, 18, 7] community, where a particularly important issue is the estimation of the
Hurst regularity parameter [11, 12, 19, 33]. In practical scenarios, before using our estimators for the
cross-correlation parameters of a mfOU, one should estimate the parameters of the marginals fOUs,
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following these methods. When estimating the Hurst parameter on different log-volatilities time
series, one finds different values, all consistently lower than 1/2. Therefore, a realistic multivariate
model for the log-volatility should allow for different values of the Hurst parameters on different
components, a feature that can be accommodated by the mfOU process we are proposing here,
while the available literature [50, 36], even in a fractional (rough) setting [48, 47|, assumes that
the Hurst parameter is uniform over the components. Besides volatility modelling, multivariate
(fractional) time series with a flexible cross memory structure have applications in econometrics,
physics, physiology, genomics and other sciences [46, 44, 51, 45]. Concerning time-reversibility, the
topic has been widely considered in the financial literature and in general from the point of view
of stochastic processes, mostly in the unidimensional setting, see e.g. [54, 15]. We are currently
investigating these issues in [17].

Let us write % to denote convergence in distribution of random variables. We also denote by
o(f(a)) a function g(a) such that g(a)/f(a) — 0, as & — @, and by O(f(«)) a function g(«) such
that g(«)/f(«) is bounded in a neighborhood of @.

Outline: In Section 2 we define the mfOU process and establish its main properties. In Section
3 we propose two types of estimator for its correlation parameters, establishing their asymptotic
theory. In Section 4 we test these results on simulations, confirming the validity of the asymptotic
theory and exploring possible extensions. In Section 5 we collect proofs and technical material. In
the appendixes we recall several useful results and techniques we use in the paper.

2. DEFINITION OF THE MFOU PROCESS AND MAIN PROPERTIES

2.1. Definition and alternative formulations. In this section we introduce our notion of mul-
tivariate fOU process (mfOU). In Appendix B and C we recall definitions and properties of the
univariate fOU and mfBm, the main building blocks in the definition of the mfOU.

Definition 2.1. Let d € N and «;,v; > 0 for i = 1,...,d. A multivariate fOU process (mfOU)
Y = (Y, ..., Y)cr is a centered Gaussian process such that, for all ¢ € R,

t
n?:ua/ e~it=slgBHi =1 ....d
— 00
Hy,...,Hy o H; Hy . . . . .
where (B, Jier = (Bi' ', ..., B ) ier is a mfBm as defined in C.1, with variance at time 1 set

tooy =---=04=1.

The integrals above are meant path-wise, in the Riemann-Stieltjes sense. With this definition,
separately each component satisfies (is the stationary solution to) the SDE driven by the one-
dimensional fBm

(2.1) dY} = o;Yidt + vdBf, i=1,....d

where differentials are again to be interpreted in the sense of path-wise integration in the Riemann-
Stieltjes sense (see [10]). If H; € (0,1)\ {1/2},i =1,...,d , each process Y also has the moving
average representation

(2.2) W:ZAw@mmm,

where W is a d-dimensional white noise,

d
K (ts) =Y (n(M (e = 9f 72 = (=9 T+ M ()

Jj=1

" /: emeltmw (Mi?((u — )l T ()T M () - (_s)?iié))du)’

1 o1
Bl
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Mj given in [2], 4,5 = 1,...,d. This follows from Theorem C.6 and some standard computations.
From this representation it follows that

Var(Y}") = /K] (t,s)*ds < oo,

since K7 (t,-) € L*(R) for all t € R, and so Ki(t, )= (KLY, ), .., K¢, ")) € L2(R;RY).
Therefore, Y is a Gaussian process.

2.2. The covariance function of the mfOU. Let us assume from now on that H; € (0,1) \
{1/2},i = 1,...,d. The following theorem completely characterizes the mfOU process (which is
Gaussian) using mean and covariance. The same result is also formulated using correlation functions
instead of covariances. Let us write H;; := H; + H;, 4,5 =1,...,d, i # j.

Theorem 2.2. The process Y = (Y1,...,Y?) is strongly stationary with E[Y;] = (0,...,0). For
i,j€{l,...,d} andt > s, denoting I;;(t —s) := Ot e “(f_ooo e (u — v)Hi1—2dv> du, the covari-
ance function ri;(t — s) = Cov (Y}, YY), is given as follows:

e wheni=j

L(2H; + 1)sinmH; [ 1-2H,
rult =) = f FORIRIRL [ e
K3
o wheni# j and Hj; = Hy + H; #1
(23) iyt —s) = e ICov (Y, YY) + vivge ) Hy (Hyy — 1)@1{,]— (t - s),
where
. . T'(H;.: + Vv —H::
(2.4) Cov (Yy,Yy) = %((a; o 4 041 9y + (oz1 M _ ol Hv’])ﬁz‘j);
i j

o wheni# j and Hi;j = H; + H; =1,
rij(t —s) = e~ (t=%) Coy (Yoi, Yoj) — Viyje*ai(t’s)%lij(t —5),
where

(2.5) Cov (Y5, Y{) =

vil;
(67 + Qi

(Pij + %(log a; —log ai))‘

The correlation Corr(Y;,Y{) is given by
LJ fO’I"HZ‘j :H1+HJ 7é 1,

Corr(Y},Y{) =

I'(H;; + « _H,. _ _H. _
e (S ) (@l ) ) (o = )

VIT(2H; + )T (2H; + 1
° fOT'Hij :H7+HJ =1,

CH.
1 QQH’”Q, J .
L ) (pij + %(log a; — log a,;)).

Corr (Y, Y/) =
(¥, ¥ VT(2H; + )T(2H; +1)( a; +a;j

The next results look at the asymptotic behavior of the cross-covariance Cov (Y}, Y; _H) 1,] =
.,d, i # j, when s — 400 and when s — 0. They will be key in the estimation of the cross-
correlation parameters presented in Section 3.

Theorem 2.3. Let H; € (0,1)\ {1/2}, 4, €{1,...,d} and H;j = H;+ H; # 1,9 # j and N € N.
Then for fizedt € R, as s = o0
Cov (Y, YY,,) =
1 n+1

(26) - W/] 2y + 110 Z ( nl-i-): n+1) ( H (Hij — k))SH”_Q_" + O(sH=N=3),

al + a]) ai k=0
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When H;; =1 we have

Cov (Y}, Y},,) =
N

ViV 1 VilV;inij (_l)n 1 = —1-n —N—
RN = Ha ey oo Lo * ) (ILk= )57t 0 2),

2005 s 2(0u + o) -

n=

A consequence of Theorem 2.3 is the cross-covariance-ergodicity of the mfOUs process (detailed
proof in Section 5).

Lemma 2.4. The multivariate process Y is cross-covariance ergodic, i.e. for all T € R and i,j €

{1,....d}, i # 7,
1 T .
ri(1) = ﬁ/ Y. Y/ dt — E[Y]Y{]
-7
in probability, as T — oo (recall E[Y}] =0,i=1,...,d, t € R).
In the short-lag asymptotic setting, we have the following lemma.

Lemma 2.5. For allt € R and s = 0, when H;j = Hi+ H; # 1 and 4,5 € {1,...,d}, i # j, we
have that

Cov (Y, Y,)
= Cov (}/()17}/()]) _ ViijsHu + ( _ OéjCOV (YOZ’ YOJ) + a;l*HijF(Hij + 1)%%‘@)5—1—
(aj — i)vivj pij — ij o i vy L i — i 1-Hi; _ 2-Hy
+ JHij jr 1’ J 2 5 Y gl iy (7JCOV (Yy,Yd) — 3 iVj%P(Hij + D(ajo; 7Y —q; ]))52
+ O(Smax{2,1+HU}).

When H;; =1 and i # j we have
Cov (Y/, Yiﬂ_s) = Cov (Y3, Y{) - Viyj%slogs +o(s?log s).
2.3. Comments.

Remark 2.6. In Definition 2.1 we exclude the possibility that H; = 1/2, for i = 1,...,d. We do so
because in [2] the moving average representation in (2.2) is given just in the case H; # 1/2, for all
1 € 1,...,d. The authors conjecture that an analogous representation holds when there exists ¢ such
that H; = 1/2, but this is not proved (see Remark 6 in [2]).

Remark 2.7. The mfOU is time reversible if and only if oy = --- = a4 and 7;; = 0 for all ¢,j =
1,...,d, as these conditions imply r;;(7) = r;;(7) for all 4,5 = 1,...,d. See next Remark C.3 for a
definition of time reversibility.

Remark 2.8. A special case of the mfOU process, named causal because it depends only on the
past realizations of the driving noise, is obtained when the kernel that defines the moving average
representation (2.2) is characterized by M;; = 0. In this case, the cross-covariance depends only
on one free parameter, say p;;, and the other parameter 7;; is directly deduced by the causality
condition. See [2] for details.

Remark 2.9. Note that (2.1), for ¢ = 1,...,d, can be read as a d-dimensional SDE driven by
the mfBm in Appendix C. However, fBm driven SDEs, in a multidimensional framework, have
been considered only with a driving fBm noise with the same Hurst coefficient on each component
(Hy = Hy = --- = Hy), see e.g. [42], while, to the best of our knowledge, SDEs driven by the mfBm
in Appendix C have never been considered. Since our Definition 2.1 of process Y does not rely on
this interpretation, we avoid further discussion on the topic here, and leave this for future work.

Remark 2.10. Taking oy = o5 = o, H; = H;, v; = v}, p;j = 1 and 7;; = 0 in Theorem 2.3 and
Lemma 2.5 we recover the long-time asymptotics in the one-dimensional case in Theorem B.2 and
the short-time asymptotics in the one-dimensional case in Lemma B.3.
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3. ESTIMATION OF THE CORRELATION PARAMETERS

In this section we consider the estimation of the cross-correlation parameters p and 7 based on
discrete observations of Y. We assume the marginal one-dimensional parameters to be known, and
we consider the correlation parameters between a fixed pair of marginal one-dimensional processes
Y1 Y2, To estimate the correlation parameters in the d-dimensional case, the procedure has to be
repeated for all possible couples. Practically, in this way we have reduced the estimation problem
of a d-dimensional fOU to the estimation of a bivariate fOU (2fOU). Therefore, from now on we
consider a 2fOU with two correlation parameters p = p1a2 = p21 and 712 = —121 that we mean to
infer from discrete observations. We also denote H = Hio = H; + Ho.

In Section 3.1 we propose an estimator, obtained inverting the expression for the cross-covariance
in (2.3) for p and 7, as a function of the zero lag cross-covariance and the lagged cross-covariance.
We develop an asymptotic theory in long time, relying on the ergodicity of the process. In Section
3.2 we propose a variation of the estimator, obtained similarly, but instead of using the exact cross-
covariance, we use the short-time approximation in Lemma 2.5. The main practical difference in
this approach is that the first terms in the asymptotic formula in Lemma 2.5 do not depend on the
mean reversion parameters aq,as. Therefore, one may hope that this estimator is more robust to
a poor estimation of a; in the preliminary estimation of the one-dimensional marginal processes.
This estimator also does not rely on the numerical integration for computing I;;(7), which can
be delicate for certain choices of the parameters. In order to develop an asymptotic theory for this
second estimator, since we leverage relation (2.5), we have to assume, as before, that the time horizon
goes to infinity, but also that the time lag shrinks to 0 (referred to as high frequency observations
or infill asymptotics). In order to differentiate between these two type of estimator, we refer to the
first one as “low frequency estimator”, and to the second one as “high frequency estimator”, since
we consider it in the infill asymptotic setting.

3.1. Low frequency estimator. Let us recall the equations for cross-covariance in (2.3) and (2.4).
For fixed t, s € R, inverting the equations for p 4 112, recalling 1712 = —n21, we obtain
Cov (Y;&lJrs? Yt2) — e “*Cov (Ytl’ Y;&Q)
VlVQH(H — 1)6_0‘15[12(8)
Cov (Y1, ¥2.,) — e=22*Cov (¥;1, V)
o H(H — 1)e= 25151 (s)

(3.1) p+me =2

(32) p—m2 =2

Combining (3.1) and (3.2), it follows that

(3.3) p = ai(s) Cov (Y, Y2) + as(s) Cov (V. ) + as(s) Cov (Y, Y2.)
and
(3.4) ma = bi(s) Cov (V' Y}2) + ba(s) Cov (Y4, V%) + bs(s) Cov (Y, Y2 ).
where
112(8) + 121(8)
3.5 - _ 7
(3:5) WS) = = H = 1 (5)T1(5)
(s) = .
a28) = vvoH(H — 1)e=15]15(s)’
(s) .
s =7 voH(H — 1)e=22515(s)’
and
]12(8) — 121(5)
3.6 b = )
( ) 1(8) V1V2H(H — 1)]12(8)]21(8)
1
bQ(S) B V1V2H(H — 1)6_0‘18]12(8)’
1
b3(s) =

B I/11/2H(H — 1)6_‘)‘28[21 (S) '
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One can also consider an analogous representation via correlations. The difference is not significant
for the asymptotic theory that we develop in the present paper, but it could be relevant be from the
point of view of applications. See next Remark 3.19 for details. Motivated by equations (3.3) and
(3.4) and Lemma 2.4 (Y is cross-covariance ergodic), we define the following estimators for p and
112 based on discrete observations substituting sample covariances to the theoretical ones.

Definition 3.1. Let s € N. Let us consider Yy = (Y}!,Y}?) for k =0,...,n. We define

(3.7) ar(s) — ZY Y72+ as(s) Z VY2 + as(s) ZY G

and

(3.8) iz = ZY Y7+ ba(s) Z VY7 4 b (s Z YIVE
where a;(s),b;(s),i =1,2,3 are given in (3.5) and (3.6).

Lemma 3.2. Let n € N. The estimators p, in (3.7) and 12, in (3.8) are asymptotically unbiased
estimators for p and nia respectively, as n — oo.

We consider now consistency and asymptotic normality for these estimators. For fixed s, let us
fix three constant aq, as, ag and introduce

= S (B + 23 (v - B ))
(3.9) e =t
as
T Z (Yk1Yk2+s - ]E[Yklylf—}—s})'
k=1

Remark that for a1 = a1(s), az = a2(s) and ag = as(s), with a1(s), az(s),as(s) in (3.5), one has
Sp = pn — p. For ay = bi(s), az = ba(s) and ag = bs(s), with by(s),ba(s),bs(s) in (3.6), one has
Sy = Tan — M2.n- S0, using S, we can express the error of our estimators.

Theorem 3.3. Let S, be as in (3.9). Then, for H < 3,
lin Var(v/nS,) = Var(a1 Yo Y& + ao VY + a3, Y2)
n——+0o0

+o0
+2) Cov (a Yy Y5 + a2V VG + asYy Y2, an Vi Y2 + a2Yyly Y72 + asY} V) < +o0.
k=1

For H = %, for n — oo, we have

Var(S,) = o(loi”)

and for H > %, for n — oo, we have

Var(S,) = O(n‘l—%)'

The weak consistency of p,, and 712, follows from Theorem 3.3.

Theorem 3.4. Let n € N and p,,, T, given in (3.7) and (3.8). Then, for any H € (0,2), p,, and
Man converge to p and mz in L*(P) and so in probability.

From Lemma 5.1 also follows the convergence in distribution of \/nS, to a Gaussian random
variable, see the detailed proof in Section 5.

Theorem 3.5. Let H < 3 and N ~ N(0,0?), where o> = lirﬂr_l Var(y/nS,) € (0,400). Then, as
n—-+0oo
n — oo,
VS, % N.

From Theorem 3.5, follows the asymptotic normality of the estimators.
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Theorem 3.6. Assume H < 3. Let p,, in (3.7) and 7, in (3.8). Let o2 = liIJIrl Var(v/n(pn—p)) >
n—-+oo
0 and 072] = lirf Var(y/n(iz2n — mz2)) > 0. Then
n—-+0oo
. d
V(pn — p) = N,
and
. d
Vi(iizn —ma) = Ny

where N, ~ N(0,02) and N, ~ N'(0,07). Moreover

. ~ d

Vi (Pn = pyizm —mz2) = (Np, Ny)

where Cov (N,, Ny) = limy, 00 nE[(5n, — p) (12, — T12)]-

A result analogous to Theorem 3.3 holds in the case H = 3/2, with rescaling given by \/n/log(n)
instead of v/n (see next Theorem 3.7). As a consequence we have the following results for our
estimators.

Theorem 3.7. Assume H = 3. Let py, in (3.7) and ), in (3.8). Let o2 = ngrfoo Var(y/n/log(n)(pn—
p)) >0 and 03, = ll)rll Var(y/n/log(n)(Miz2,n —mz2)) > 0. Then

no . d
S G- SN
logn(p p) P
n —~ d
S (Fiam =) BN
logn(ﬂm, m2) n

where N, ~ N(0,02) and N,y ~ N'(0,02). Moreover

and

n

—~ —~ d
n — M n — N ,N
logn(P s Mzn —M2) = (Np, Ny)

where Cov (N, Ny) = 1ty o0 (n/ 10g 0)E[(Py — ) (Fhizn — mi2)]

When H > % we have to consider a different rescaling of our estimators. Let us define

~ 1 <&
Sn = n27H (E Z (alYle,f =+ angl+sYk? —+ a‘3Yk1Yk2+s — p))
k=1

(3.10) =n'TY (a2 + aaYi Y+ asY Y — o).
k=1
Adopting the approach outlined in [38, §7.3], we prove the following theorem.

Theorem 3.8. Let §n be defined in (3.10) and /{p(gn) be the cumulant of order p of gn Let
a1, az2,a3 be such that a1 + as + ag # 0. Then, for all p > 2

li S,
¥ R (5n)
2 2
= 2p—1(p7 !Cp(a1,az,a3) Z Z / Zi1j1 ($1,I2)Z¢2j2 (x2,23) ...zipjp(xwxl)dx
i1,eyip=1 G1aeerdp=1 [0,1]7
19FJ1 s ipFip—1,11FIp
where

22H (2H, — 1
le(x,y) = %
ay
2V§H2(2H2 — 1)
2

Qa3

QMWHHII)X{@—mﬂ@—wHQ x>y

|z — g2

zo2(2,y) = |z — y[?H272,

z10(x,y) =
12(%:0) o (o+ma)y—a)12 @<y
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Z21(Iv y) =

201 H(H — 1) y (p+na)(z—y)H2 2>y
Q10 (p—ma2)y—2)"% x<y

and CA'p(al7 az,as) = (a1 + az + a3)P. Additionally

) Var@,) 6400 — np) HA(H — 1 + AH Hy (20, — 1)(2H, — 1))

0.
n—rtoo (ag + az + az)? a2a2(2H — 3)(2H — 2) ~

In Theorem 3.8 we prove that the sequence of the cumulants of S, converges for all p > 2 to a well
determined limit. We also prove that the limit of the sequence of the variances (cumulants of order
two) is strictly positive. This is enough to determine the speed of convergence of the estimators, but
not asymptotic normality, that now depends on whether for certain values of the real parameters p
and 712 we have that lim,, /14(§n) = 0 or not. In our numerical experiments (cf. Figures 1 and
2) we observe a limit behavior that is clearly asymmetric, pointing to non-normality. However, we
cannot exclude that for some choices of p and 75 the limit behavior could be normal.

Theorem 3.9. Let p,, in (3.7) and 1), in (3.8). Let us assume that H > % Let 211, 220, 212 and z21
be the functions given in Theorem 3.8. Then

_ —~ d
> (Bn = p) 5 L(f,) + N,

_ ~ d
n’ H(7712,n —Ni2) — IZ(fn) + N,

where f,, fn € L*(R%;R), N,, N, are Gaussian random variables such that N, is independent of
I(f,) and N, is independent of I5(f,). Here, Iy denotes the double Wiener-Ito integral, see Defi-
nition A.4.

3.2. High frequency estimator. As a consequence of Lemma 2.5, we derive formulas for p and 72
depending on the cross-covariances at lag 0, s, —s, that hold asymptotically as the time lag vanishes
s — 0. In Lemma 2.5 we consider the expansion of the covariance up to terms of order 1 + H and
2, because the next expression (3.11) relies on the cancellation of the term of order 1, so these are
the relevant terms in the remainder.

Lemma 3.10. For s — 0, p and n12 satisfy the following formulas: for all H € (0,2), H # 1,

~ 2Cov (Y, Yg) — Cov (Y}, Y{) — Cov (Y, Y2)
p= vivesH

(3.11) _~_O(smin(1,27H))

whereas, only for H € (0,1),
Cov (Y, ¥2) = Cov (Y1, Y)
v1vesH

(3.12) M2 = +O(s* ).

Let us consider n € N and T, > 0, along with the discretization of the time interval [0, T,] given
by 1} = k% for K =0,...,n. We denote the time step as A,, = T;. Motivated by Lemma 3.10, we
define the estimators based on n discrete observations

1 n—1
3.13 oy = ————— (Yl —y! )(Y2 e )
( ) Pn vivgnAll 2 (k+1)A, kA, (k+1)A, kA,
and
1 n—1
~ _ 1 2 1 2
(3.14) ma,n = m kZ_O (YkA,,LYV(IH»l)An — YV(k+1)AnYkA")'

We consider the asymptotic framework of A,, — 0, as n — 400, in order to take advantage of the
small lag asymptotic relations (3.11) and (3.12). Recall that in estimators in (3.7) and (3.8) the
time-lag was fixed.

Proposition 3.11. Let p,, and 12, be the random variables in (3.13) and (3.14). If T,, — 400
and A, — 0 as n — oo, then for H € (0,2) \ {1}

Elpn] — p

n——+oo
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and for H € (0,1)
E[m2,n] e T
Then py, and M2, are asymptotically unbiased estimators for p and 2.

Let us consider the following assumptions.

Assumption 3.12. For n — 400

1) A, — 0 and
2) nA,, — +o0.

Assumption 3.13. For n — 400
3) nA%2 — 0 and
1) pai-2t
Note that when H < 1, we have that 3) implies 4), while when H > 1, we have that 4) implies 3).

Under Assumptions 3.12, respectively for H € (0,2) \ {1} and for H € (0,1), estimators p,, and
M2, are consistent.

Theorem 3.14. Suppose Assumptions 3.12 is in force. Asn — oo, the following convergences hold
in L?(P) and so in probability.
Prn = p if H €(0,2)\ {1}
ﬁlZ,n — Mo ZfH S (07 1)

When H < % we have the following result on the asymptotic distribution of v/n(p, — p). Let us

denote
n—1

1
0% = Var (- (Bl — BBl - BI)).
k=0

Theorem 3.15. Let H < % and Assumption 3.12 and 3.183 be in force. Then there exists
—+o0
: Hy pH> Hy pH> H, Hy Ho Ho .
Jlim 0% = Var(B{" B[*) + 2; 1: Cov (31 Bl (BI, — BI)(BI, — Bl )) o250

Let N ~ N(0,0%). Then
~ d
Vi(pn —p) = N
3.3. Estimating the volatility parameter in the one-dimensional case. The methods we used
above to derive and study our correlation estimators, when applied to a univariate version of the
fOU process in (B.3), provide estimators of the volatility parameter v. We denote the parameters
of the univariate fOU as a,v and H, to avoid confusion in the notation with H = Hy, + Hs.
One can easily verify that
2 Cov (YVits, V) — e % Var(Y;)
N H(2H — 1)e=*sI(s)

where 0
I(s) = / ea“/ e (u — v)*H2dvdu.
0 —o0

Then, we define the estimator

n—1

1
~2 Y, Y; —UéS]fQ
= -
“n T WH(2H — De—oo1(s) kzzo FrsTh €Tk

_ n—1 _ n—s

ai(s) 5, G2(s)

—_— g Y, e E YiisYs
" k=0 * ’ " k=0 e

where @1(s) = v2a;i(s) and @a(s) = v2(az(s) + as(s)), where a1(s),az(s),as(s) are given in (3.5),
taking H=H; = Hy, a = a1 =g, v =11 = vy, p=1and 112 = 0.
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Theorem 3.16. Let H € (0,3) U (3,1). Asn — 400, U2 is an asymptotically unbiased estimator
for V2. Moreover
D2 02
in L*(P) and then in probability.
When H < %, we also have that
Na u2> 4N
where N ~ N(0,0?%) and 0% = lim,,_, o, Var(v2) >
When H = % we have that
n 2 2\ 4,
— — N
og (0 =)
where N ~ N(0,0?) and 0% = lim,, o, Var(2) > 0.
When H > %, we have that

nQ(lfH)(?i — %) 4 RH

)

where

e—as V2 3
RY = I,(g) and g(t,t') = aQG—L‘sI(Qs()l B2 — QI?I H_1/2) / (u— (u —1 )H 2du.

The next estimator was introduced “in spirit” in [23] using a linear regression, but no asymptotic
theory was given. Here we motivate it using the short lag asymptotic form of the autocovariance
function and establish its infill and long-span asymptotic theory. Indeed, by Lemma B.3 follows that

2 2Var(Yt) — Cov (Y, Yits)

—2H
oH = 0(s**1).

S

Passing to the empirical counterpart and removing the remainder, one gets the estimator

n—1
- 1
(3.15) v = AZH > Veina, = Yea,)
k=0

that, as we mentioned, corresponds to the one implemented as a regression in [23].

Theorem 3.17. Let H € (0, %)U(%, 1). Supposing that A,, — 0 asn — 0o, then U2 is asymptotically
unbiased estimator for v?, i.e. E[v2] — v2. If in addition T,, = nA, — +00 as n — +oo, then

22
in L?(P) and then in probability. Moreover, when H < %, supposing also that nA2 — 0 and
nAA=4H 0, we have that
V(@2 -2 4 N
where N ~ N(0,0?%) and 0% = lim,,_, o, Var(y/n(v2 — v?)).
4. Comments.

Remark 3.18 (Convergence of the error). Together, Theorems 3.6, 3.7 and 3.9 imply that
O((E|p,, — p|?)V/?) = n~mindl/2.2=2H}} " oxcept for H = 3/2, in which case a logarithmic correction
is present. See Figure 3.

Remark 3.19 (Estimators based on sample correlations). The estimators in Definition 3.1 are mo-
tivated by (3.3) and (3.4). Analogous expressions can be obtained based on sample correlations
instead of sample covariances. Indeed, starting from Theorem 2.2, after normalizing (3.1) and (3.2)
with /Var(Yy) Var(Yg), one can easily write

e wheni=j

o H, 1-2H,
COIT(Y;Z,Y:) ‘sinm / z(t s)x a| — dz;



12 RANIERI DUGO, GIACOMO GIORGIO, AND PAOLO PIGATO

e when ¢ # jand H = H) + Hy # 1,
Corr(Y;,Y7)
H(H - 1)othozf2e*""(t*5)
VI(2H, + 1)['(2H; + 1)

(3.16) = e ) Corr (Y, Y§) + (p+7ij) Lij (t = s);

e when i # jand H=H; + Hy =1,
a{‘haglze—ai(t—s)

COI‘I‘(Y—tiyyvsj) _ e—ai(t—s)corr(}/ol’}/g) _ \/F(QH = 1)1”(2H mn 1)
1 2

nijLij(t — s);

which is explicit once the marginal parameters are know, following [10]. In this case we have

VI(2H, + )I'(2H2 + 1)/ 1 1
== H, H ( +
200 oy H(H — 1) Iia(s) ~ I2a(s)
VIT(2H, + 1)[(2Hs + 1) e™®
20l H(H — 1) Ta(s)
VI(2H, + 1)['(2Hy + 1) e®2®
20l H(H — 1) In(s)

) Corr(¥, V)

Corr(VY,. Y2)

Corr(V,, ¥2,)

and

_T(2H: + DT (2H; + 1) ( I
20 a2 H(H - 1) Lia(s)  Iai(s)
VI(2H, + 1)[(2Hy + 1) e*1®

+ H1 H2 _ I
200 oy 2 H(H — 1) 12(5)
_ VT(2H, + )T (2H; + 1) e*
202 H(H — 1) I2(s)

M2 = )Corr(Ytl, Y¢)

Corr(V4 . ¥2)

Corr(Y, Y2.,).

Moreover, if we suppose a priori that we know that 7 = 0, we have the simpler representation for p

VIT(2H, + 1)['(2H2 + 1) Qg+ oo 142
p= — —Corr(Y,,Y)).
I'(H+1) ootz (o171 4 o= 1) SN

Substituting sample correlations to theoretical correlations, we can obtain estimators for p and 7
similar to p,, and 712,. Let us denote these estimators based on sample correlations instead of
covariances by pp . and 712 p .

Let us denote by Var and Cov sample variances and covariances and consider p, . (a similar
discussion would apply to 712,,). We can then write, for suitable functions 1 (s), v2(s), v3(s),

~ Var(Y ) Var(Y —_— _— —
e = \/ T R (o (40w (1Y) 4 9a(5) o (1Y) 55(a)Cov (4 V2,).
0 0

The second factor in the product above is exactly in the form (3.9) and can be handled as in the
proof of Theorem 3.3. Up to logarithmic corrections, it also holds that O(Var(Yy) — Var(Yy)) =
n~min{l/2,2=2H:} for j = 1,2. Putting together these estimates, with standard estimations one can
check that

O((El,b\n,c o p|2)1/2) =n" min{1/2,2—2max{Hq,H2}}

and the order of the error depends on 2max{H;, Ho} instead of H = H; + Hsy (cf. Theorems
3.6, 3.7, 3.9). So, the order of the error is the same for p, and p, ., except when H; # Hy and
max{H;, Hy} > 3/4, in which case the estimator based on covariances should perform better than
the one based on correlations, in terms of the order of the error.
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Remark 3.20. In Theorem 3.9, if p and 712 are such that
2 2

Z Z /[ y Zi1j1 (51317 $2)Zi2j2 (3627 xg)ziwg (acg, 554)2’1'“‘4 (x4, :El)dx =0,
0,1

i1,82,13,04=1 ji,...,ja=1 ’
127J1,13772,94773,11 774

then f, = f, =0 and
CH o~ ~ d
(317) n2 H(pn — pPyM2,n — 7712) — (vaNn)
where (N,, N) ~ N(0,%) is a 2-dimensional Gaussian variable, with covariance matrix given by
S = lim Var(n® " (5, — p)),
n—oo
Yoo = lim Var(n2_H(ﬁ12,n —M2)),
n—oo
Y12 = Y91 = lim n* 2% Cov (p,, — p, iz2.n — M2);
n—o0

In Theorem 3.9 we expect this not to be the case (so, f, and f, are not 0) for most of the choices for
p and 7. Indeed, there is no reason to assume the Gaussian asymptotics in (3.17) is in force when
H > 3/2. This is indirectly confirmed by our numerical experiments, that display a non Gaussian,
asymmetric limit distribution when H > 3/2 (see Figure 2).

Remark 3.21. We define in (3.13) and (3.14) estimators for p and 72 based on (3.11) and (3.12).
One main difference of these estimators with respect to the ones defined in (3.7) and (3.8) is that
they do not depend on a; and as. Since we estimate the correlation parameters p and 12 supposing
the parameters of the one-dimensional marginals to be known, this can be useful if the previous
estimate of ay and ay is poor, as for example in the case of volatility time series (see [52, 17]).

For 112, when H > 1, we could consider the linear term in s and invert it, resulting in a different
formulation. However, this estimator would depend on a; and as. Consequently, in the high
frequency setting, for the estimator for 712 we confine our discussion to H < 1. Note that this
should not be a significant limitation if we plan to use the estimators on log-volatility time series,
since in this case we expect H = Hy + Ho < 1, see for example [23]. Moreover, we exclude the case
H = 1 from our analysis, because for this singular value of the H parameter the time scaling is
different and involves a logarithm, see Lemma 2.5.

Remark 3.22. We develop the asymptotic theory of the estimators in (3.11) and (3.12) under the high
frequency hypothesis A,, — 0. However, the estimator should work if the linear relation between
Cov (Yt’,YtJ_‘_S) and s is (approximately) in force in the data. For example, for certain realized
volatility time series we observe linearity for time lags up to 90 days in [17].

4. SIMULATION OF THE PROCESS AND IMPLEMENTATION OF THE ESTIMATORS

In this section we evaluate the asymptotic results of Section 3 with a Monte Carlo study on
trajectories of finite length. It is possible to simulate the mfOU process exactly using the explicit
covariance function given in Theorem 2.2 and the Cholesky method for multivariate Gaussian random
variables. However, when simulating very long trajectories, we encounter some instabilities with
this approach due to the numerical integration needed to compute the covariance. Alternatively, the
process can be simulated using the Euler-Maruyama scheme, after having simulated the underlying
mfBM (for example using the algorithm! in [2]). We do not encounter any difficulty in generating
arbitrarily long trajectories with this second method.

The figures we present here are obtained with the exact simulation method, which works well with
our parameter choices for producing trajectories up to 7' = 400. This time horizon seems long enough
to observe the long time asymptotic behavior, while avoiding the introduction of the discretization
error of the Euler-Maruyama scheme. One can reduce this discretization error using finer partitions
in the simulation than in the observation grid, at the price of increasing the computational load.
We present here only the results based on the exact simulation. However, we obtained comparable
results in the approximate simulation setting. We also obtained similar results for the correlations
based estimators in Remark 3.19.

We downloaded the code for simulating the mfBm at https://sites.google.com /site/homepagejfc/software
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All figures are based on M = 10° simulated trajectories of length n = T}, = 400, for a given set of
parameters.

We first present the estimator based on low-frequency observations studied in Section 3.1. Theorem

3.6 and Theorem 3.9 establish the rate of convergence and the limit distributions of the rescaled
estimation errors when H < % and H > %, respectively. We reproduce these results numerically in
Figures 1 and 2.
Figure 1 shows estimation errors for p and 7 obtained when H = H; + Ho = 0.3. On the left,
the slope of the linear relationship of the logarithm of the root mean squared estimation error
(RMSE) as a function of the logarithm of the length of the trajectory confirms the theoretical rate
of convergence \/n. On the right, we have the superposition of a centered Gaussian with the densities
of the distribution of the errors, rescaled with /n, for varying length of the trajectory.

<
© o 7 - n=250
a7 ~ n=300
n =350
n =400
° —— Gaussiar
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FIGURE 1. Logarithm of the RMSE vs logarithm of length of the trajectory (left)
and superposition of the densities of the rescaled estimation errors of the low fre-
quency estimator for varying length of the trajectory (right) for p (top) and 7
(bottom) - Simulation parameters: p = 0.5, n = 0.2, H; = 0.1, Hy = 0.2, oy =
ar =05, v =vo =1, n=T, =400, M = 10°.

A similar display in Figure 2 for H = H; + Hs = 1.7 validates the results in Theorem 3.9. Indeed,
the estimated rate of convergence for p is now close to nff =2 (it remains higher for 7)) and the limit
densities for both p and 7 are asymmetric. The densities overlap when rescaled by n’ =2 and appear
skewed, confirming the convergence in law to a non Gaussian random variable.
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FIGURE 2. Logarithm of the RMSE vs logarithm of length of the trajectory (left)
and superposition of the densities of the rescaled estimation errors of the low fre-
quency estimators for varying length of the trajectory (right) for p (top) and 7
(bottom) - Simulation parameters: p = 0.5, n = 0.2, H; = 0.8, Hy = 0.9, ay =
s =05, v =vo =1, n=T, =400, M = 10°.

Figure 3 shows the estimated rates of convergence of the estimation errors for varying values of
H. The Monte Carlo estimates are obtained using the linear relationship between log-RMSE and
the logarithm of the number of observations, as on the left-hand side of Figure 1 and Figure 2.
The broken line reflects the prediction of Theorem 3.6 (y/n when H < 2) and Theorem 3.9 (n*~#
when H > %), indicating that the convergence becomes very slow as H — 2. The theoretical rate is
matched closely by p, while for H > %, in our finite sample experiment, 7 seems to converge faster

than expected .

We now present the estimators based on high-frequency observations studied in Section 3.2. In
this setting, Theorem 3.15 only gives the speed of convergence and asymptotic normality for p when
H< % In order to approach the high frequency setting, instead of shrinking the time lag between
observations we consider a small mean reversion parameter a; = as = 0.1 (this can be seen to be
equivalent, cf. [17]), and we still take a fixed time lag. Figure 4 shows indeed that the central limit
theorem holds for p when H = 0.5, analogously to the previous figures.
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FIGURE 3. Rates of convergence in the central and non-central limit theorems for
p (left) and 7 (right) based on low-frequency observations - Simulation parameters:
p=0.5, n=0.2, Hy=H+01, H=H 1+ Hy, oy =a2 =05, ry=v,=1, n=

T, = 400, M = 10°.
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FIGURE 4. Logarithm of the RMSE vs logarithm of length of the trajectory (left)
and superposition of the densities of the rescaled estimation errors for varying length
of the trajectory (right) for p - Simulation parameters: p = 0.5, n = 0.2, Hy =
0.2, Hy=03, a1 =2 =0.1, 1y =vo = 1, n =T}, = 400, M = 10°.

Figure 5 shows the convergence rates of the error for p and 77 when H varies. Those of p are close to
v/n when H < % and seem close to nf =2 when H > % The latter is not covered by our asymptotic
theory but it remains a reasonable conjecture by analogy with the low-frequency case p. The speed
of convergence for 7] is not covered by our asymptotic theory. Numerically, the estimator seems to
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converge even when H > 1, in which case even the consistency was not established. However, the
speed of convergence seems lower than the one for p, for all values of H.

0.7

0.6

04

Conv. rate

0.1

— :l:neore ca[ y .

[ eoretlca low freq

=] » Monte C: x

T \ T T T T T T T T

0.0 0.5 1.0 15 20 0.0 0.5 1.0 1.5 20

H H

FIGURE 5. Rates of convergence for p (left) and 7 (right) - Simulation parameters:
p=0>5 n1n=02 Hy=H,+01, H=H +Hy, o1 =as =01, vy =1n=1, n=
T,, =400, M = 10°

Due to the fact that an equivalent expression for the small time lag cross-covariance relationship
could be obtained for vanishing (cy,as), and in the same limit we have functional convergence of
the mfOU to the mfBM [17], we experiment with p and 77 in estimating the correlation parameters
of the mfBM, i.e. the case (a1, a2) = (0,0). Note that this process is not stationary.

The results that we obtained on simulations in this setting are favourable for small H. Indeed, as
we can observe in Figure 6, the estimators p and 7] seem to work for 0 < H = Hy + Hs < 1, which is
half the range of the case for mfOU. In addition, the rate of convergence suggested by our numerical
experiments seems to be y/n when H < % and n'~# when % <HC<KI.

Figure 6 suggests that our high-frequency estimator could be a good alternative to the estimator
proposed in [1] for the correlation parameters of the mfBM when H is believed to be small, which
for example is usually the case in log volatility time series [23], since in the implementation in [1] the
estimator for 1 did not seem to clearly identify the sign of the parameter due to the high sensitivity
to the choice of the dilation parameter in the filtering step.

For the sake of clarity, in all the plots in this section the rates of convergence are shown as a
function of H = Hy + H,, with H; — Hy fixed. However, we carried out similar experiments on a
triangular grid for H; and Hs and the results are consistent with those presented here.
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FIGURE 6. Rates of convergence for p and 7] applied to the mfBM - Simulation
parameters: p = 0.5, n=0.2, Hy = H; +0.05, H=H,+ Ho, v1 =15 =1, n =
T,, = 400, M = 10°

5. PROOFS AND TECHNICAL RESULTS

In this section we collect the proofs of our results.

Proof of Theorem 2.2. We can extend Lemma B.1 from the univariate fBm to the mfBm. Let
—0o<a<b<c<d<+4oo. Then, fori,je{l,...,d},i# 7,
1) lfH” = Hl —i—H] 7& 1 we have
(5.1)
b d pii+ 15 4 b
]E{/ eOéi’lLdBfi/ eOéj’UdBfJ} = H;;j(H;; — 1)%/ eajv(/ e (v —u)HU?Qdu)d’U;

c

2) lfH,j :Hl+H] =1 we have

(5.2) E{/b e“itdBH: /d eO‘J“dij} = % /d eo‘“’(/b et (v — u)_ldu)dv.

The above formulas follow from (B.4). It follows that

0 s
Cov (Ytz’YtJ_i_q) = Cov (YE,YSJ) = ViVjIE[/ eaiudBfi/ efaj(sfv)dBfJ}

—00 — 00

0 0 0 s
= Viuje_afs(E{/ eo‘i“dBfi/ eo‘j”dij} +E{/ eai“dBfi/ eo‘j”dijD
— — —o00 0

(o] oo

. P p— .. s 0
= e %*Cov (Yy,Yy) + vvje” 9 Hyy(Hij — 1)%/ 60‘7“(/ et (v — u)H’-7_2du)dv.
0

—0o0

When H;; = 1, analogously

0 s
Cov (V/',},..) = Cov (¥4, Y7) = viw;E| / By / e aBlh]|

—00 —00

o b
= vvje”*Cov (Yy, V) + Viuje_afs%/ e*i” (/ e (v — u)_ldu) dv.
c a
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Proof of Theorem 2.3. We have that

0 s
Cov (Y/',Y},,) = Cov (YJ,Y;JJ:E[W / e dBl 'y, / e‘aj<5‘”>dBff}
0 é 0 s
:yiyje—%SE{/ eo““dBfl/ @0 dBHs +/ e‘”“dBfi/ e%'”dij]

.

J

s 0
= vivje” iy, /1 et / e (v — u) i "2 dudv 4+ O(e™*7%).
== —00
o
J

The constant dp,, is equal to Hi;(H;j — 1)% when H;; # 1 and dp,; = M when H;; = 1. By
employing the change of variables y = v — u and z = v 4 u, we derive

S vvidy. . s P y ajtay
7 J _ 7y ij —a;s H;;—2 - z
Cov (Y, Y/ ) = —F——" e (/ y e Y , ¢ dzdy+
oy

2 N
“j
+oo aj—a; 25=Y  ajta,
+/ yHii—2e 2 y/ e 2 zdzdy) + O(e™%%)
S %—y
21/ S “+o0
_ VZVJdHlj oS yHij—Qeajydy+e(aJ+ai)s yHij—26—0¢iydy
(aj + ;) 1
J T —_ S

“j

(ojtoy)s “+oo o

—e / Yy iﬁ*Qefa"ydy> +O(e” %)

1
o

viv.d 1 s 1 Foo
_hivy H;j ( e~ s yHij—Qeydy+ — e%is szj—Qe—ydy) +O(e—ajs)
(aj + Ck,) Hij=1 1 o " ! ;s

i

and, by Lemma 2.2 in [10], we have

n—1
vividy, . -~ n o
C :#( Hij—2 '—2—]{7 Hij—2—n
ov ( t+s) (CVJ + Oli) + Z J ’IH} )]
His=2 4 Z n+1 H ij —2— k))SH”_2_n) +O(sM =N =3)
n= 1
N n+1
viv;(pij — 1ij) ((—1)" 1 ) Hi—2-n Hi—N—3
= + H;; —k))s'i + O(s™ )
(ot 2 U * g (110 = ) ( )
Exchanging Y* and Y7 we obtain the general form of the cross-covariance in (2.6). For H;; = 1,
analogous computations lead to (2.7). O
Proof of Lemma 2.4. For 7 > 0 we define 7;(7) := f Vi, — [Ytgr])(Y — E[Y/])dt and we
prove that 77, (7) e E[Y;Y{] in probability. Clearly E[f5 ()] = E[YY{]. We study the variance.

1 T T o o . . o
varh) = g3 | / (Cov (¥, ¥)Cov (¥, Y) + Cov (¥, Y2)Cov (¥/, Yiy.,) ) dids
_ 7/ (1- o (cov (V7 Y§)Cov (v}, V) + Cov (¥, ¥§ ) Cov (Vi 7))t

By Theorem B.2 and Theorem 2.3, when Hy; = H; + H; < % the integrand is in L!(R), then
Var(7;) = 0 as T — +o0. If H;; = 3, the integrand is O(1/T) as T — oo, then the integral is
O(logT), whereas for H;; > 3 the 1ntegra1 is O(T?"5=3), then Var(7];) = O(T?5~4). In each case
Var(7;) = 0 as T — +o0. O
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Proof of Lemma 2.5. Since Ytj_'ks = e~ Y] — ajuje i fttﬂ % B du, we have
Cov (¥}, Y,)
= e *Cov (Yy,Y]) — vivje “*Hy;(1 — Hyy) (LJ ; mj) /S e /0 e (v — u) 2 dudv
0 —o0
for t,s € R, s > 0. The first step of the proof is to develop the integral in the above equation. Let

i,j € {1,...,d}, i # j, Hij € (0,2). Using the suitable change of variables in the integral, and
developing the integrand using Taylor’s formula, we have that, for H;; # 1

/d’()/ a,u+o¢Jv —u)HU*Qd’UJ

ol
_ a; "T(Hi) (Hijoj + i) g4
Hij( - ij) 1 — Hy; Hi;(1— Hyj)(Hij +1)
1 H;;
(CK»L + CY]) F(H 4>52 i ( Oéjz- _ (HZ_] — 3)C¥i04]' (HIQJ — 2sz + 3)0{12 )SHij_2
2(1—sz) ! 6(1—Hy;) OHy(1—Hyy)  6Hi;(1— Hij)(1+ Hij)
a? — oo + a?
i T e Hyj+2
6(H,; +2) Fols™ .

while for H;; =1

s 0 S v
/ dv/ et (y — )y = —slogs — % 5 di g2 log s + o(s?log s).
0

Denoting K;; = 24574 we obtain

1—

Cov (Y}, Y,s) = Cov (Y, Y{) + Kijviv;s™ + ( — a;Cov (Yg,Yg) — a; "I (Hy; + 1)%1’ij'>8+

2
Vs 1 T
_%Kﬁslﬂm + (G Cov (6, Y9) + S KT (Hy + 1)(agal ™™ — a7 719)) 52
ij
af — i+ o
(1+ Hyy) (2 + Hyy)

When H = H; + H; = 1, we have

+ viv; Kij sfiat2 4 o(sHiut?),

Cov (Y;:lﬂ Yt]Jrs) — Cov (Y()la YO])

. s 0
= —a;sCov (Y§,Yy) + o(s) + Vil/je*ajs%/ eaj”/ Qo
0 —00

1
dudv 4 o(s%)
—u

= —a;5Cov (Y{, YY) + o(s) — viv; %slogs + o(s%log s)
= —Viyj%s log s + o(s%log s).

O

From now on, we prove the results in Section 3. Therefore, as discussed, we can assume to be in
dimension d = 2. We also denote H = Hys = Hy + Hs and p12 = p21 = p. Let us define

Su=" ZY Y7+ 2 Zyﬁs}ﬂ ZYI j+s
=

and

R,L:EL—Sn:% i YA, V2 + Z Y'Y

j=n—s+1 j=n—s+1



THE MULTIVARIATE FRACTIONAL ORNSTEIN-UHLENBECK PROCESS 21

We notice that, when H < %
VnE[S, — S,] =0
nVar(S, — S,) =0

then /n (§ — S,,)—0 in probability. When H = 2 then /n/logn(S,, — S,)—0 in probability. and
when H > 5 then n'=H(S, — S,)—0 in probability.. Then we can prove the following results for
S, and they will hold for S,, as well.

Proof of Lemma 3.2. Computing the expectation of p,,, we have

N al(s) n n—s
Blp) = ) S B+ ¢ Zﬁjﬂ n/ZEYmﬂ
j=1 j=1
a1 (s) - 1 - 2
= Y, Y Y, Y Y;
" ;COV((M o) 0)+ ZCOV 0:Y5)

= ay(s) Cov Yy, Y§) + az(s)

— p.

Cov (Ysla V) + as(s) " (Yy,Y7)

Similarly, it holds that E[ﬁlZ,n] — 1M12-
(]

From now on we denote 711 (k) = E[Y;'Yj'], r22(k) = E[Y2Y$], ria([k]) = B[V}, V5] and ra(|k]) =
E[Y5 Y]

Proof of Theorem 3.3. The variance can be written as

Var(yv/nS,,)
a3 &

=4 (m(lk — h)raa(lk — hl) + r12(|k — h|)ray (Jk — h\))+
" k,h=1
2 n
Q.
* FQ 2 (T“(‘k — h)raz(|k = hl) + riz([k + s = hl)raa ([k — s — h‘))
k,h=1

a2a3
+

> (rinlk+s = hlyraa(k = s = ) + ria(k = Al)rar (k= Al)).
k,h=1

n

We omit to write all the sums. Then, the variance of 5, is a sum of sequences of the form

n

% > rullk = hlraa(lk = hl) o % > ma(lk = hl)rai(Jk = h).

k,h=1 k,h=1

We can have that the variables in functions r;; are shifted with the constant factor s, but the
asymptotic behaviour does not change, so we can reduce the analysis to the above sequences. Then

% Z Tll(‘k‘ - h|)7‘22(|k‘ - h|) = Z <1 — %)7’11(7’)7’22(7’) + —

k,h=1 [7|<n

> |7| J T 1
= Z (1 — ;)Tll(T)TQQ(T)]l‘Tlgn + E = E Z (1 — E)TH(T)TQQ(T)]llSTSn + E

T=1 T=1
By Theorem B.2 we have that, when 7 — oo, r;;(7) = O(7*:72), then 711 (7)raa(7) = O(72H71),
and it is summable when H < % Then, using dominated convergence,

lim 2 (1 — %)7’11(7’)7’22 (T)]l.r<n + TH(O)?"QQ (O) =2 Z 1”11(7')’1“22(7’) + 7’11(0)7’22 (0

n—-+o00
T= T=1
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The same argument can be used for the second sequence, recalling that r715(7) = O(7772), roy (1) =
O(TH=2), then r19(7)r21(7) = O(r?H~%). It follows that, when H < 3/2, Var(S,) = O(1/n).
Moreover, we easily see that
lim Var(y/nS,,) = Var(a, Yy Y¢ 4+ a2V YE + a3y Y2)
n——+0o0

+oo
+2)  Cov(ar Yy V5 + a2V V5 + asYy V2, an VIV + a2Vl Y72 + as Vi Vi, ).
k=1

When H = 3/2, there exists a constant C' > 0 and an integer N > 0 such that

LS i =0(3)+ 3 142§ o) o()

[7[>N

The same holds for + Z\nf\:o r12(7)r21(7). When H > 3/2, we have

n n

% i 7"11(7')7"22(7):0(%) +% Z 412H +% Z O(ﬁ) :O(ﬁ).

|7[=0 [T[=N I7[=N

Again, the same holds for Y71 r12(7)721(7).
0

Proof of Theorem 3.4. Since p,, and 712, are asymptotically unbiased and, by Theorem 3.3, the
sequences of their variances tend to 0, then p,, and 712, converge in L?(P) and then in probability
to p and 72, respectively. O

To prove Theorem 3.5 we use the Malliavin-Stein’s method (see [39]) and the fourth moment
theorem (Theorem A.8). From now on, for the details of certain computations we refer the reader to
Chapter 5, Sections 6 and 7 in [25]. Theorem C.6 implies that we can write Y}! = [L(f{(s), W (ds))g2 =
I (f{), where fi € L*(R;R?), i = 1,2, k € N and W is a bidimensional Gaussian noise. Here I;
denotes the Wiener-Ito integral of order 1 with respect to W. Then, by the product formula in
(A.3), we have

_ 1 <
Sa=1> (aly,jy,f +agV, Y2 + asYiYR, , — Bl YRY2 + anYi, Y2 + agykly,3+s])
k=1
1 n
= <a111(fz§)f1(f1§) +ao i (frp )T (f7) + ashi(fi) h(figs)
k=1

— Elay Iy (fo) 1 (f7) + ae L (fro ) (f7) + a3[1(fli)11(flf+s)})

1 - - -
== DLfiBf +axfi Bff + asfi®fR,)-
k=1

Theorem A.8 requires that Var(,/nS,) — o2 where o2 is a strictly positive and finite constant (we
have proved that in Theorem 3.3) and x4(y/nS,) — 0, where x4 denotes the cumulant of order 4, or
equivalently |0, ®1 60, £2®2;r2) — 0, where 0,, = D (a1 fi@fE+asfi, SfE+asfi@fz,,) is
the kernel of S;, as a double Wiener-It6 integral and 6,, ®1 0,, is the contraction of order 1 of ,, with
itself (see (A.1)). By linearity, 0,, ®; 0, = n~* ZZ,h:1 zj @1 z;, where zi = ,iéf,f + agf,iJrs@f,f +
a;;f,i@f,i_w and so we have to compute contractions of the form (fi®f2) @1 (fi®f?) or analogous
expressions, where we just change the functions f; with f;,  in a suitable manner. Then, denoting
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by (e,)ren an orthonormal basis of L2(R;R2), we have

o0

Z ([h@firer ® er ) ([r®Fi er © ery)er, ® ery

?“1,7"2,7“3*1

> (S UERen ©eniB R en @en))en Ber

ro,r3=1 7r1=1

(fa®ff) @1 (fr®f)

oo

Z Q(k7 h: T2, TS)erz ® €rsy

’l"2,7’3:1

where

q(kvh’r%rﬁl) = <fl§aeT2><f£’eT3><f]i’f}1> + <fl§’eT2><f}1’eTs><fliaf}2L>
+ <fk1:767"2><fi%767“3><fl§7fi1> + <fl}:7e7“2><fi17e7“3><fl§7ff2L>'

We recall that (ff, 1) = 7i;(k — h), where r;; is the covariance (or cross-covariance) of our bivariate
process. Then [|0,, ®; 971”%2(11@41&2) is a sum of expressions of the forms

1 n

— Z r11(k1 — k2)raa(ke — ka)ri1 (ks — ka)raz(ka — k1),

n ki,...,ks=1

1 n

— Z r12(k1 — ka)ri2(ko — k3)ria(ks — ka)ria(ka — k1),

n ki,...,ks=1

1 n

— Z r12(k1 — k2)ria(ke — k3)ri1 (ks — ka)raz(ka — k1),
koo ka=1

n

1
2 Z r12(k1 — k)11 (ke — k3)ror (ks — ka)roo(ka — k1),
Ky ka=1

or similar to above expressions, with suitable shift of k; 1 — k; determined by the constant s. Since
s is fixed, the asymptotic behaviour of the sum and the convergence analysis remain unaffected for
the second type of terms. In the following lemma we prove that the above expressions tend to 0.

Lemma 5.1. Let us suppose that H = Hy+ Hy < 3/2. Let us denote by v;;, with i,j € {1, 2}, four
real functions such that

1) i (R)] < 7 (0);
2) there exists {;; > 0, i,j € {1,2} such that

Let F(k1, ko, ks, k) be one of the following functions:

Y11 (k1 — k2)v22(k2 — k3)y11 (ks — ka)v22 (ke — k1),
Y12(k1 — k2)v12(k2 — k3)y12(ks — ka)v12(ke — k1),
Y12(k1 — k2)v12(k2 — k3)y11 (ks — ka)v22 (ke — k1),
Y12(k1 — k2)v11 (k2 — k3)ya1 (ks — ka)v22 (ke — k1).
Then )
A, = % > F(ky ko ks, ka) " 0.
ki, ka=0

Proof. The proof is technical and requires several computations. The idea is to split the analysis
according to the functions F', and then to the values of max{H;, Ho} and min{H;, Ho}. When
max{Hy, Ha} < 1/2, we easily obtain the statement from the following observation: being |v;; (k)| <
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i and vii(|k|) ~ k*Hi=2 there exists a constant C; > 0 such that |y;; (k)| < C;k*Hi72 i =1,2. The
same holds for ,;, 4,7 = 1,2,i # j, where |y;;(k)| < C;;k" 2. Then,

1 n—1
|An| < o) Z |11 (k1 — k2)y22(ke — k3)y11(ks — ka)v2e(ka — K1)
k1,m k=0
C _ _ _ _
S E ) |l‘1 _ m2‘2H1 2‘I2 _ $3|2H2 2|£E3 —$4|2H1 2|.CL‘4 _ $1‘2H2 zd{L’
[0,n]

C _ _ _ _
= TL6_4H/[ ; 1 — 2P 2y — ys P2 P ys — pal P P s — [P dy
0,1

and the integral is finite. Then |A, | < n*#~6 — 0. The same bound holds for all functions F in the
statement of the theorem.

When max{H;, Ho} > 1/2, we have to refine the bound. The idea is to write |4, | as a discrete
convolution of the functions ;; and ;. For example, denoting 77 (k) := |y11(k)|1 x| <, and 135 (k) :=
722 (k)| k)<, We have

n

1
|An| < — Z 711 (k1 — k2)y22 (k2 — k3)yi1 (ks — ka)va(ka — k1)
n kl’k2,k3’k4:1

1 n
— Z Z 711 (k1 — k2)y22 (ko — k3)y11 (ks — ka)v22(ka — k1)
n ki1,k3=1ko,ks€Z

IN

n

5 (il bt k) < S (il = halt)

k1,k3=1 k=—n

IN

(the example is written for the function F'(k1, ko, ks, ka) = Y11 (k1 —k2)y22 (ka—k3)y11 (ks —ka)yoo (ka—
k1)). Then we apply Young’s inequality for convolution: for p,q,s > 1 such that }% + % =1+ %, we
have

If*g

The use of Young’s inequality in the proof changes, taking s = 2 and p, ¢ according to the values of
Hy, Hy. In each case there exist values of p,¢q > 1 such that |A4,| — 0 (see Lemma 6.1.7 in [25] for
details).

ez < ||fHéP(Z)||g||eq(Z)~

O

Proof of Theorem 3.6. Taking a1 = a1(s), as = as(s) and as = a3(s) given in (3.5), in Theorem 3.3
we proved that lim,, o, Var(v/n(p, — p)) = 0;2) € (0,400). We apply Lemma 5.1, taking v;; = rs;
and vy;; = r;; for 4,j = 1,2. The expression for ||6,, ®1 0,2 when 6, is the kernel of p,,, combined
with Lemma 5.1 implies that (5) in Theorem A.8 holds. Then +/n(p, — p) — N,, where N, ~
N(0,02). The same holds for 712, when a1 = bi(s), az = ba(s) and az = bs(s). Moreover, from
straightforward computations it follows that

Cov (Np, Ny) = lim nE[(pn — p)(Mi2.n — m2)] < +00,

and, by Theorem A.9, we have that \/n(p, — p, 2.0 — M2) a4 (Np, Ny).
O

When H = %, the variance of the error changes but, under a different normalization, we have a
analogous result.

Proof of Theorem 3.7. Let us prove the statement for p,. Since y/n/logn(p, — p) = I2(0,), where

1 =~ - ~ -
0n = W ;(alf}i@fig + a2f1§+s®f1§ + &3f1§®f13+s)7
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then

n

> (LB +aafl LB SR+ asfLESE
ki1,ko=1

1
nlogn

Var(I3(0,)) =

afLBF, + aafl, B+ asfh B ).

We study ptiys Yo, reor (Fh @i ) (Fl, ©FF,). We have

2 n 2 n

a1 13 2\v/p1 52\ 0 k
i 8 )

By Theorem B.2 and Theorem 2.3, for H = 35, we have that

. 11 (k)’l‘gg(k) —+ 1"12(]6)1"21 (k) 1/121/22 9 9
lim = - — +4(2H, — 1)(2H, — 1)H 1 Hs) = £.
ki+m k-1 404%04% ((p 7712) 16 (2H, )(2H, VH1 2) l

By the condition for p and 712 in (C.3), it follows that £ # 0 (for details, see Proposition 6.1.11 in
[25]). Then

2 e &S]
o 23 (1 5) s ) = i 155 ot

and lim,, s % Var(p, — p) = (a1 + az + az)?l. We have to prove that ||0,, ®; Onll L2 (r2;R2) — 0.
The proof is easier than proof of Lemma 5.1. We just prove that

n

1
Z r11 (k1 — k2)raa(ka — ks)ri1 (ks — ka)rag(ks — k1) — 0

2
n?logn
g ki,...,ka=1

In the same way we prove that the whole ||0,, ®1 0,,|| — 0. We observe that

n

1
i ki — ka)raa (ks — ks (ks — ka)ras(ks — &
‘nzlognk Zk=1r11( 1 — ko)rog (ko — k3)r1y (ks — ka)rao (ks — k1)

1 _ _ _ _
< 072/ v — 2?2 fy2 — ys P22 lys — wal PPy — w22 dyadyadysdys — 0,
(logn) [0,1]4
for the other summands that form ||6,, ®; 6, the proof is analogous. The integral is finite because
2Hy -2 < —1and 2H; -2 < —1. The assumptions of Theorem A.8 hold then , /-2 (pn = p) 4 Ny,
P d
\/ Toan (M2, —m2) == Ny, where N, ~ N(0, (a1(s) +az(s) +as(s ))20), N,y ~ N (0, (by(s) +ba(s) +
b3(s))2¢) and, since lim,, o %Cov (Pn — psTh2.n — M2) exists, by Theorem A.9 we can conclude
i~ _ d
that @(ﬂn —pPsM2n — 7712) — (Np7 N’/])
U
We adapt the approach in [38, §7.3] to prove Theorem 3.8.

Proof of Theorem 3.8. Let us recall that S, = I(6,,) where 8, = n'~H 31 (a1 f} ®fk+a2fk+é®fk
as fi ®f,€+g) We can compute the cumulant of order p, p > 2, by exploiting the structure of S,,. Be-

ing S, = I5(0,,) a double Wiener-It6 integral and recalling that s, (F) = (—1)P Bptp lt—o log(E[e?F])
it follows that

> 1
-1
kp(Sy) = 2P (p — 1)!m E g | I (On,en, @en,,,)
Kiyeeny kp=1hy,...,hp=1i=1

where (ep,)nen is an orthonormal basis of L?(R) (for the complete computations, see Theorem 6.1.14
in [25]). We study limy, o0 320 o 3 205 i [17=1(0n, en, ®en, ). Substituting the expression
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of 6, we obtain that np(gn) is a finite sum of

Zpil(p— 1)!0(0,17&2,0/3) > n P 1 2
(5:3) PRy > LI @ fizoen @ ena)
hiyeshp=1k1,....kp=11=1

2p_1(p— 1)!0(0,1,(12,0,3) n r§71 711) r?) 7.%
(54) = np(H-1) Z <fk27f ><f;€2,f )(fk2717fk;17><fk12)afk%>
k517~~';kp:1
Here C(a1,as,a3) = af*ab?al® with p; + pa + p3 = p while for all i = 1,...,p we have (r},r?) €
{(1,2),(2,1)} and (k},k?) € {(kz,k ), (ki + 5, k;), (ki ki +5)}. There is a restriction on the couples

(2, T’ilﬂ). We notice that

i (T‘ ?rz+1) (1’ 1)7 then (Tz'2+1>7ni1+2) € {(2’ 2)7 (27 1)};
b (7" arz+1) (272)7 then (Tz'2+177'i1+2) € {(1’ 1)7 (172)};
° ( zv z+1) (1 2) then (rz+17 z+2) € {(172)7 (17 1)};
° 1f (r3,rh1) = (2,1), then (r?,,,71,,) € {(2,1),(2,2)};
e if p is odd, there exists at least one couple (r7,77 ;) € {(1,2),(2,1)} and the number of

couples in {(1,2),(2,1)} is odd;
e if there exists a couple equal to (1,1), then there exists a couple equal to (2,2), and if the
number of couples (1,1) is m, then the number of couples (2,2) is m.

We split /ip(gn) in two different sums. The first one is

[ee]

1 n p 1 2
An=—or DL > I e fien @en).

Riyonhp=1 ki,..kp=1 i=1
Jizfkyyq —ki|<s+2

Since
1 - 2\ i ik IR
Anl € | 2 A - (R D)
ey g £ a2
1 S TR i i
= | X A Y hen)(fdien) - (e, ) en, )
ki ykp=1 Biseshp1=1
[ky —kp|<s+2
! ; 2ONY e e
J— P
_n(H_l)p’ Z <f]@17fk§> Z <fk%a€h1><fk%®fk%7eh1 ®eh2>"'
K1y kp=1 hiyeeshp_1=1
\kl—kp\<s+2
-1
1
“<ka) | ® fk . »Chp_o ®ehp—1><fk1:1)’ehp—l>
1 " i2 32 1 " il 2
-l X G (e G Do i) e
\kli’k'pp\gﬁ+2 =
1 - il i il
(= XA e 00)) 44
kp 1
1 n i2 il 1 n il i2 1 n i171 i271
S w2 Z 1 f 1z ‘F kaz@@fk% 'H.'szkzq@fkg_l
1 kp=1 ka=1 kp_1
[ky —kp|<s+2
= n(H-12Lp(n) = 2H-3

kl,k}pzl
[k1—kp|<s+2
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when H > %, then A,, — 0. Then we study

1 - )
B”:ngrfoo np(H-1) Z H<fk2’fk+ ).
k}l,...,kpil,vilki+1fki‘ZS‘I»S7« 1

We recall that ( Iz?’f/zil“) = rjj(ki, — k), j = 1,2 and (sz,fkl 1) = ri2(k¥ — kl,) and also
that |r;;(k)] < |rj;(0)],]r12(k)] < |r12(0)| and, by Theorem 2.3 and Theorem B.2, there exist
limy_s o kQ_ZHirjj(k) =4, limg_ 0o k?>~Hyi5(k) = £12, then we can write

Tll(k') = k2H172L11(I€) ’I“gz(k) = k‘2H272L22(k)

7‘12(’6‘) = kH_Qle(k) 1"21(]6) = kH_2L21(k').

—pi
Then B, = 53" o T, (M) Li(k2,, —k}) where B; € {2—2H,,2—2H,,2—H}
Vilki g —ki|>s+3

for all i and Y. ; 3; = p(2 — H). Then

= |kz kl‘ i
Bn:/w 3 H(%) LR~ KD s (1) s sy ()

non

Il
T
>
3
s
g
)
=
S~—
QL
=
g
QL
=
°

and
p
(@1, ap)| < O(s +2)PC g g (21, 1) H i1 — @ 7

It follows from the fact that the functions Lii, Lao, Lis and Loy are bounded. Then we apply
Lebesgue’s Theorem, noticing that

WEI-iI-loo An(xh s 7xp)

n

K2y — KL -
SRR | (T R

kiyeokp=1 i=1
Vilkiyq—ki|>s+3

= H (621]1,61—2 H+liolg—o—pg +lilg—oom, +lalg,—o_ 2H2)|$z+1 — x|~ ﬂl]l[o 1] ().

i=1 Ti41>T4 @iy <z

Then, by adding together all the sums that form /{p(gn), we obtain the first part of the statement.

The analysis of the variance is approached recalling that fiz(gn) = Var(gn). In this case we can
compute explicitly the integrals appearing in the limit, obtaining the values in the statement. By
the conditions in (C.3), it follows that, for H > %, that limit is not 0. O

Proof of Theorem 3.9. As a consequence of Theorem 3.8, for suitable choices of aq, a9, as, for all
P22,

n—r oo

lim iy (0" (P = p)) = 27 @ () Faals) + ax(s))” Y

Zl,...,ipil

Z / Ziljl ($1,$2)Zizj2(1’271‘3)...Zipjp(xp,$1)dl‘
(0,1]»
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and
2
nlinéo k(0> (Ti2n — mi2)) = 2P (b1 (s)+ba(s) + bs(s Z
..... ip=1
2
> / Ziyjy (1, 02) 21555 (T2, T3) - - - 25, (Tp, 21)d
ydp=1 (0.1}
PQFTL ey ipFip—1:11FIp
where
2v H1 2H1 _
ey = 2ACI D o
1
2v5 Ho(2H. _
aly) = 2RI ) o
2
ra(eny) = e HE =D f(p—mo)(@—9)"2 a>y
’ o ( ) y—x)f2 <y
ana(any) = 22U =) Jotma)(e =) >y
’ a0z (p—m2)(y—2)"2 =<y

Moreover, for all £ > 0,

T Y i ) g il )

£ sup,, ri2(n*~H (pn — p))

The same holds for 712 ,,. Then the sequence is tight, and there exists a subsequence that converges
in distribution. The limit is given by Z, = I2(f,) + N,, where I1(f,) is a double Wiener-Ito integral
and N, is an independent (of I>(f,)) Gaussian random variable. This fact is proved in [40]. Being
Z, determined by its cumulants, we can apply Proposition 5.2.2 in [39] (Method of moments and
cumulants) that implies the convergence of the whole sequence to Z,. It is not easy to establish
that lim,, o k4 (n?~H (p, — p)) # 0; if it is equal to 0, the Fourth Moment theorem holds (Theorem
A.8), then the limit is Gaussian (i.e. f, =0).

O

Let us now collect the proofs of the results related to the high frequency estimators. For some
details of the proofs, we refer to Section 7 in [25].

Proof of Lemma 3.10. This is a direct consequence of Lemma 2.5, inverting the asymptotic relations

for Cov (V,!,Y2,) and Cov (Y}, ,.Y?), t € R, s — 0. O
Proof of Proposition 3.11. We have that
~ 1 1 2 2
E[p,] = PN Z E[(Y(k+1)A YkAn) (Y(zﬁq)an - Ymnﬂ
n k=0
n—1
1
= m kzo (2COV }10 7YO ) COV (YAln s }/02) — COV (}/01, YAQn))
~ 2Cov (Yo, Y§) — Cov (YR, Yy) — Cov (YY), Yﬁn)
o Vll/QA{,;I
= p+O(AyRI2TI) T
The same holds for 712 . O

Now we focus on the results related to p,. We recall that
] i - iAn .
(5.5) Yiina, =Yia, € “ 7" +Eks1)a,
where &} A sz(k a, € "Aneieid Bl Moreover

flimn = Vi(BI?A B(Hk DA, )+ R?cAm
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where Var(Rj \ ) = C(H;) A2 4 o(AZHi+2) and o(AZHi*1) does not depend on k. Using (5.5),
we can write

1

(5:6) ﬁn*f’:mz(ymmn Yiea, ) Yiina, = Yia,) —p
k=1
1
(mdn _1)emoedn 1)k e s
YA Y - vl
Vivan AT 1;1 kA, YEA, T N ; an Qo)A

eiazA” _1 n—1 n—1

YzfA"ﬁ(lkH)An + PN Z R%k+1)A7,, (B(2k+1)An - Bl?A,L)
n p—1

vivonAH Pt
#nim (B - Bj )JFLHiR1 R}
vanAll 2~ (k+1)A, Plrt1)a, k) F AT 2 (k+1)A, L E+1)A,
1 n—1
ToAT > (Blyiya, — Bia, )(Biiiya, — Bia,) —p
k=1

Proof of Theorem 3.14. The consistency of p,, follows from the representation given in (5.6). From
straightforward computations, it follows that each sum in the representation besides

o Z:(B(lkﬂmn = Bia, ) (Bl 1)a, — Biia,) converges to 0 in L?(P) and then in probability
when Assumptions (3.12) hold. Moreover, by Theorem C.2,

n—1

n—1
1 1
AT > El(Blina, — Bia) (Bliia, — Bia,)l = - E[(Biyy — Br)(Biyy — Bl = p,
k=1 k=1
and
1 n—1 C n—1 C 1
2
Var (—7 Y El(Blinya, — Bia,)Bhsna, — Bia)l) € 5 D0 lk—h[?i < = Z e
n k=1 k,h=1 k=1

and the right-hand side tends to 0 for H € (0,2). For H € (0,1) we prove the consistency of 712 ,
in a similar way. 0

Proof of Theorem 3.15. By following the proof of Theorem 3.14, We deduce that Var(p, — p) =
O(n=1). We consider v/n(p, — p). Besides AH [ 11(B(1k+1)A Bia, ) (Bfiiya, — Bia,) —p. the
terms in (5.6) multiplied by y/n converge to 0 in probability, then in distribution when Assumptions
(3.12) and Assumptions (3.13) hold. Thanks to the self-similarity of the mfBm, we have that

n—1

1
(B}, — BjA )(B? — B2\ V=p) ~— Bl — B)Y(B?., — B?) —p).
IAHE( b, — Ba)(Biina, — Bia,) ) ﬁkzl(( bor = BO(BE — BY) — p)

It converges to a Gaussian random variable by the same arguments as Theorem 3.6, replacing V!

with Bi_H 31 and Y2 with B,f_H B,%. Also in this case the sequence can be written as a double

Wiener-1t6 mtegral Wlth respect to a different kernel. Since for i,j = 1,2, i # j, when |k — h| — o0
we have

E[(Bj.1 — Bi)(Bhy1 — Bp)] ~ E[Y{Y)] ~ [k — h|*i 72
E[(Biy1 — BL)(B,, — B))) ~ E[YY]] ~ [k — h|" 2,

we can use the same arguments to conclude that

n—1
. 1
nh_{{.lc Var (TA? ; ((B(lkJrl)An - BI%A")(B(Qk-Jrl)An - Bl%An) - P))

+oo
= Var(BI B2) + 23" Cov (thBfI27 (BE:, — B/)(BI2, - BHZ))
k=1
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and
n—1
. 1
Jim H4(W Z ((B(1k+1)An — Bia, ) (Bl i1)a, — Bia,) — P) =0.
n k=1
The statement follows from Theorem A.8. O

Proof of Theorem 3.16. We consider p, in (3.7) when Y2 = Y! ie. a; = ap,H = H, = Ho,

vy = va,m2 = 0 and p = 1. By Theorem 3.4, we have that p, — p = 1 in L?(P) and then in
~2

probability. Then %% = p, — 1 and so 7, — v in L*(P) and then in probability. The second

part of the statement follows from Theorem 3.5 (or equivalently from Theorem 3.6), having that,

for H < %,

V(2 — v2) = 2V, — 1) 5 V2N(0,52).
When H = 2, as a consequence of Theorem 3.7, we have that %(ﬁ% —v?) = N(0,0?), where

o2 = lim,— oo Toan Var(v2 — v%). Instead when H > 3, the statement follows as a consequence of

Theorem 3.8 and Theorem 3.9. In this case we also provide the precise law of the limit random
variable RH. We have that

P

I{p(RH) =2rL(p— 1)!/[ ] Hf(l‘i,xi+1)dx1 ...dxy,
0,117 =1
where x4 = 1 and
2(1 — e~ 2%)p?

f(xvy) =

‘CC 7y‘2H—2.
a?e~s](s)B(2—2H,H — 1/2)

From standard computations, we have that

P
kp(Io(g)) = 201 (p — 1)!/ 1@ zipa)das ... da,
[0,1]7 ;4

n o 2(1—e %) 1 H-3 ~H-2 .
when g(t,t') = T I (5) B I H_T/) Jo (u—=t)y 2 (u—t')y ?du and I, denotes the double Wiener-

It6 integral. Then, being RY and I5(g) determined by their cumulants, RH 4 I5(g). O

Proof of Theorem 3.17. We consider p,, in (3.13) when Y2 = Y ie. a; = ap,H = H, = Ho,
1, = vo,me = 0 and p = 1. Under these assumptions, we have that 175 = Vzﬁn. Theorem 3.14
ensures that p, — p = 1 in L?*(P) and then in probability when A,, — 0 and nA, — +oo as
n — +oo. Then 72 = v?p, — v? in L?(P) and in probability. If we assume that nA2 — 0
and nA*~*H 5 0, Assumptions 3.13 hold (there H = H; + H, whereas in this setting we denote
H = H; = Hs.) Then the assumptions of Theorem 3.15 are verified, then, when H < %, we have

Vi, —1) 5 N
where N ~ N(0,0?) and 0 = lim,,_,o, Var(y/n(p, — 1)). Then

V(2 — v =3 Vn(p, — 1) S *N =N

where Var(N) = v* Var(N). O

6. ACKNOWLEDGEMENTS

We are grateful to Lucia Caramellino, Stefano De Marco, Georgios Fellouris, Ivan Nourdin, Mikko
Pakkanen, Tommaso Proietti for valuable comments and suggestions. We thank Jean-Francois
Coeurjolly for sharing the code for simulating the multivariate fractional Brownian Motion. PP
acknowledges support from the project PRICE, financed by the Italian Ministry of University and
Research under the program PRIN 2022, Prot. 2022C799SX.



THE MULTIVARIATE FRACTIONAL ORNSTEIN-UHLENBECK PROCESS 31

APPENDIX A. GAUSSIAN CHAOS

We recall here some facts related to Malliavin calculus on the Wiener space. The following remark
recalls some properties of Hilbert spaces and tensor product.

Remark A.1. Let H be a separable Hilbert space. For an integer p > 2, the Hilbert spaces H®?
and H®? are the pth tensor product of H and the pth symmetric tensor product of H respectively.

If f € H®P, then f = Z?flpzl a(iy,...,ip)e, @ei,---@e;,, where (e, ® --- @ eip);?f,...,ipzl is an
orthonormal basis of H. The symmetrization fof f is the element of H®P such that
~ 1 i
f== YD GiinCol) ® - @ ealy):
p: O Q1,eenip=1
where the first sum runs over all o permutation of {1,...,p}. The rth contraction of two tensor

products e;, ®---e;, and e;; ® ---e;_ is an element of HPt9-2" guch that

P

(A1) (e, ®--ei,) ®r (ej, @ ej,)

r
= <H<eiwejk>H)eir+1 ®"'€ip ®€jr+1 ®"'€jq.
k=1

Let us consider a complete probability space (2, F,P) and a real separable Hilbert space H with
inner product denoted by (-,-)g. From now on we denote L?(Q) := L?(Q, F,P).

Definition A.2. An isonormal Gaussian field over H is a family X = { X(h) : h € H} of
centered jointly Gaussian random variables on (2, F,P), whose covariance structure is given by

E[X(h) X (h)] = (h,h)g, Vh,}' €H.

The following example introduces the representation as an isonormal Gaussian process of the
2fOU.

Example A.3. Let Wi, W5 be two independent Brownian motions on R and denote W = (W', W?2).
Let us consider H = L?(R; R?) (the space of the functions f from R to R? such that [, [|f(¢)]|?dt <
00). We have the isonormal Gaussian field X on H given by the L2(£2)-closure of the linear space
generated by the W. Moreover, X is the family of Ito’s integrals with respect to W.

Now, let {f%(t,")}ter.i=1,2 be a family of functions in L?(R?;R?). We define a bivariate Gaussian
process Y = (Y Y?) as

(A.2) V= [0 W)

We can look at (Y), i = 1,2, t € R as a particular expression for the field X: for i = 1,2 and
t € R, we consider g! € L?(R;R?) such that g¢ = fi(¢,-). Then Y}’ = X(gi). Moreover the process
Y = (Y1,Y?) defined in (A.2) is a centered Gaussian process.

Now we introduce the multiple Wiener-It6 integrals. We refer to [39, §2.7] for the formal definition.
Here we use the following approach.

Definition A.4. Let us consider an isonormal Gaussian process X on a separable Hilbert space H
with inner product (-,-)g. For p € N we denote by H,, the Hermite polynomial of order p (details
can be found in [39, §1.3]). The Wiener-1t6 integral of order p is defined as

I (h®P) = Hy(X (h))
with & € H such that [|h]jm = 1 and h®? is the pth tensor product of h, i.e. h®@---h.
o
p times

The multiple integrals have the following properties (see [39]):
e Isometry property: Fix integers p,q > 1 and f € H®? and g € H®Y, then

E[Ip(f)]q(g)] = pNf, g)mor

when p = ¢, 0 otherwise;
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e Product formula: let p,q > 1 and f € H®? and g € H®Y, then

PAg
P\ (4q =

(A3) L0 = 1 (7) (1) a5

r=0

Let us recall the definitions of three probability metrics over the space of probability measures:

the Kolmogorov distance (dg), the Total Variation distance (dry) and the Wasserstein distance
(dw). For further details, we refer to [39]. Let X,Y be two real random variables. The Kolmogorov
distance between X and Y is defined as

dic(X,Y) = sup [P(X < 2) = P(Y < 2).
z€R

The Total Variation distance between X and Y is defined as

dpyv(X,Y):= sup |P(X € A)—-PY € A4)|.
A€B(R)

When X, Y are integrable, the Wasserstein distance between X and Y is defined as

dw (X,Y) := W [E[R(X)] = E[(Y)]I,

where Lip(1) denotes the space of functions i : R — R which are Lipschitz continuous with Lipschitz
constant < 1.

Proposition A.5. Let Ny ~ N(0,0%) and Ny ~ N(0,03). Then

2 2
dr (N1, N2) < U% \/U%|01 — 03]

2
™

dw (N1, N3) < o7 — 03]

g1 VO’Q

2 2 o
drv (N1, Ng) < = v0%|01 — o3|

Theorem 5.13 in [39] gives a direct connection between stochastic calculus and probability metrics.

Theorem A.6. Let F € DY? such that E[F] = 0 and E[F?] = 02 < +oo. Then we have for
N ~N(0,1)

dw(F,N) < \/ZEHUQ —(DF,—DL 'F)yl].
Also, assuming that F' has a density, we have
drv(F,N) < %E[W — (DF,—DL™'F)y|
dg(F,N) < %E[W — (DF,—DL ' F)yl|
Moreover, if F € DY*, we have
E[lo? — (DF,—~DL ' F)y|] < \/Var((DF, —DL-LF)).
When F = I,(f) for f € H®?, ¢ > 2, Theorem 5.2.6 in [39] ensures that

1
E[|o? — (DF,~ DL~ F)g|] < /Var (§HDF||§H>

and from Lemma 5.2.4
4

i
L

1 1 -
Var (§\|DFH%H) = q—z r2p? (i) (2g — 21“)!||f®er§H®2q72T
r=1
1 q—1 q 4
(A4) < rzr;2<r> (20— 20)1[1f @r Flhozsr-

1

r
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Finally, we conclude that

(A5) Var (ZIDFIR) < Swa(F) < (o = 1) Ve (CIDFIR)
where

ka(F) = E[F*] — 3E[F?]?
is the fourth cumulant of F'. Then

Theorem A.7. Let {F,},en a sequence of random variables belonging to a fized q-th Wiener chaos,
for fixed integer ¢ > 2. Then

Fn K4(Fn)
dM(\/WJV) < CM(q) W

where N ~ N(0,1) and M stays for K,TV,W. In particular, when V';ig”gg — 0 then
Fn d,
L
Var(F),)

A fundamental consequence of the above theorem is the Fourth-Moment Theorem (Theorem 5.2.7

in [39]).

Theorem A.8 (Fourth-Moment Theorem). Let F, = I,(f,), n > 1, be a sequence of random
variables belonging to the qth chaos of X, for some fized integer ¢ > 2 (so that f, € H®?). Assume,
moreover, that E[F%] — % > 0 as n — +oo. Then, as n — +oo the following assertions are
equivalent:

(1) F, converges in distribution to N ~ N(0,0?);

(2) E[F%] — 30 or equivalently r4(F,) — 0;

(3) VarQ\DFnHH%I) — 0;

(4) 1 fn®rfrllge@a-2n — 0, for allr =1,...,q—1;

(5) lfn @r frllgoca—2m — 0, forallr =1,...,q—1.

The last result that we recall shows that, if we consider a random vector sequence, whose com-
ponents are Wiener-It6 integrals, then the componentwise convergence to Gaussian variables always
implies the joint convergence.

Theorem A.9 (Theorem 6.2.3in [39]). Letd > 2 and ¢1,...,qq > 1 be some fized integers. Consider
vectors Fr, = (Fin, ..., Fan) = (Ig,(fin)s- -y Loy (fan)), n > 1, with f;, € HO%. Let C € My(R)
be a symmetric non-negative definite matriz, and let N ~ N4(0,C). Assume that

lim E[F;,Fj,]|=C(i,7), 1<i,j<d.
n—o00
Then, as n — oo, the following two conditions are equivalent:

a) F, converges in law to N.
b) For everyi=0,...,d, F;,, converges in law to N'(0,C(i,1)).
APPENDIX B. THE UNIVARIATE FRACTIONAL ORNSTEIN-UHLENBECK PROCESS

Here we recall the definition of the univariate fOU process and its main properties. In this
discussion, we primarily follow the work by Cheridito et al. [10]. Let (2, F,P) be a probability
space. Let us fix a € Ry. Then for all ¢ > b, t,b € R, the random variable

t
XP = / e“"dBH (w).
b

exists as a pathwise Riemann-Stieltjes integral, as per Proposition A.1 in [10]. Moreover, it can be
expressed as:

t
(B.1) X, = e B (w) — Bl (w) - a/ BH (w)e*"du.
b
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Now, consider a, v > 0, and ¢ € L°(Q). The solution to the Langevin equation
t
(B.2) Ytsz/Jfa/ Yids +vBH, t>0
0
exists as a path-wise Riemann-Stieltjes integral, and it is given by

t
yHY _ ot (w + 1// ede{j), t>0.
0
It is the unique almost surely continuous process that solves (B.2). In particular, the process
t
(B.3) vH = 1// e~t=wWgBH e R,

—00

solves (B.2) with the initial condition ¢ = Y. From (B.1), it follows that Y, has the following
almost surely representation:

t
(B.4) vH =v (BtH —« / BH e“(t“)du) .

The process Y is the stationary fOU process. Let us recall Lemma 2.1 in [10].

Lemma B.1. Let H € (0,3)U(3,1], >0 and —co <a <b<c<d< +oo. Then

E{/b e“tdBH /d eo‘”dBf} = H(2H — 1) /b ea“(/d e (v — u)QH*de)du.

(& a
Now, let us provide an explicit expression for the autocovariance function and the variance of Y7,
where t € R. Due to the stationarity of Y, we recall that Var(Y,') = Var(Y{?) for all t € R. From
[43], we have

(B.5) Cov(VI,YH ) =v dz

a2 422

SJT(2H + 1)sinmH /+°° plse |z|1—2H
27 oo

and it follows that the variance of the process is given by

T'(2H + 1)

(B.6) Var(Y,) = Var(Y{?) = 2 s

Next, we recall Theorem 2.3 in [10], which provides the asymptotic behavior of the autocovariance
function of Y#. Additionally, we present a result regarding the regularity of the covariance function.

Theorem B.2. [Theorem 2.3 in [10]] Let H € (0,3)U(3,1] and N € N. Let Y the fOU in (B.3).
Then fort € R and s — oo,

N -1
1
H yH 19 —2n 2H—2n 2H-2N—2
(B.7) Cov (Y;",Y/],) = 5V nE:1a ( kl_lo (2H k:))s +O(s ).

The autocovariance decays as a power-law, particularly illustrating long-range dependence for
H € (1/2,1]. Theorem B.2 implies the ergodicity of the fOU process. We can also deduce that,
when [t — s| — 0, Cov (V1Y) — Var(Y{?), because of the stationarity of Y. The following
result holds.

Lemma B.3. Let H # 1/2. Then, fort — s

Cov (Y, v") =
a2V2|t _ $|2H+2

~ A(H +1)(1+2H)

v? a?
= Var(Y{]?) — ?\t — s TVar(YOH)\t — 52 +o(|t — s|*).
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APPENDIX C. THE MULTIVARIATE FRACTIONAL BROWNIAN MOTION

We base our definition of mfOU on the mfBm defined in [1, 2]. Let us introduce it.

Definition C.1. Fixed d € N, the d-variate fractional Brownian motion (d-fBm) (B, ..., Bf*),cr
with H; € (0,1) for i = 1,...,d, is a centered Gaussian process taking values in R? such that:
e BHi fori=1,...,n,is a fBm with Hurst index H; € (0,1);
e it is a self-similar process with parameter (Hy,..., Hy), i.e.
(Bﬁl geeey Bgd)tGR - ()\HlBtPIl, ey )\H"B{{d)te]R

in the sense of finite-dimensional distribution.
e the increments are stationary.

The cross-covariance functions of a d-fBm have a precise form that is described in [32] (and also
reported in [2]):

Theorem C.2. Let (B, ..., BtH’i)teR, H; €(0,1) fori=1,...,d, be the d-fBm in Definition C.1.
The cross-covariance functions have the following representations:

1) fori#j,if Hj = H;+ H; # 1, there exist p;j = pji € [—1,1] and n;; = —n;; € R such that
pij = Corr(B{{i,BlHj) and

) ) 0;0 . . . -
Cov (BI1, BI#) = P75 (piytsign (1) 117 + (pis — sign(s)s ) s/

(C1) — (pij — sign(s — t)nij)|s — t|"9)

where o2 = Var(BI), o} = Var(B1") and sign : R — {—1,1} is given by sign(z) = 1 for
x >0 and sign(x) = —1 for x < 0;

2) fori # j, if Hi+ H; = 1 there exist p;j = pji € [—1,1] and n;; = —n;; € R such that
pij = Corr(Bf{i,Bll{j) and

0;0;

Cov (By"", B{) = (pij (s + [t] — |5 — t])+

(C.2) + nij(slog|s| — tlog|t| — (s — t)log|s — t]))
where o? = Var(BF), oF = Var(B1").

The covariance structure of the mfBm Brownian motion is subject to numerous constraints due
to its joint self-similarity property. This characteristic has been thoroughly examined in a broader
context in studies such as [32], followed by more specific investigations in [2] and [1]. As demon-
strated in Theorem C.2, the covariance structure relies on d? parameters: (pij)(ii,jzl,i;ﬁj € [-1,1],

()¢ 12, € Rand (03){_; > 0. Here, p;; represents the correlation between Bl and Bflj,
forming a symmetric parameter (p;; = pj;). The parameter o; denotes the standard deviation of
Bl while 7 is antisymmetric (n;; = —n;;) and linked to the time reversibility of the process.

Remark C.3. Time-reversibility amounts to temporal symmetry in the probabilistic structure of
a strictly stationary time series process. A process Z; is said to be time-reversible if the joint
distributions of

(Zt7 Zt+‘f‘17 BN} Zt+7'k)
and

(Zt? Zt*‘f'l 3ty th‘rk)
are equal for all k € Nand 7y,...,7, € R.

In [2], the authors investigated specific parameter choices such as (7;;),; depending on (p;;); ; or
when 7;; = 0 (the time reversible case). In the general scenario, (7;;);,; are unconstrained.

Moving forward, let us focus on a bivariate fractional Brownian motion (2fBm) (B¥1, BH2), where
we denote p = p1a = po1 and H = Hy + Hy. Here, H; and H> denote the Hurst indexes of B and
B2 respectively. Additionaly, without loss of generality, we set o1 = 09 = 1.
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Remark C.4. The functions in (C.1) and (C.2) serve as covariance functions if and only if certain
conditions on p and 72 are satisfied, as discussed in Section 3.4 of [2]. We define the coherence
functions C15 = Co; and the relative constraint on the parameters as follows: for H # 1

o owe R g e
’ 2T T(2H, + )I(2H, + 1) sinwH; sin wHo -
and for H =1
1 2 + LZ 2
(C.4) Oy = PPz o

I'(2H; + 1)I'(2H, + 1) sinwH; sinwHy —

Proposition 9 in [2] establishes that (C.1) and (C.2) indeed function as covariance functions when
C12 < 1. Therefore, for given H;, Hy, the parameter space of p and M2 is constrained by (C.3) and

(C.4). This parameter space forms the interior of the ellipse 25 + 7712 = 1 centered at the origin,
with semi-axes length given by

o F(2H1+1>F(2H2+1)EIH7TH1 SiDﬂ'Hg
B T'(H +1)?sin*(3H)

and

b T'(2H, + 1)I'(2H2 + 1) sinwHy sin mHo
B I'(H +1)?cos?(5H)

Let us recall that for a fixed h € R, the stationary property of the increments of the fBm ensures

) . —h.H; Y ;s
that the covariance of the increment process (B, ")ier with B, " = Bg_h Bfl is
—h,H; —h,Hi H;, pH; H; H; pH;
Cov (B, B, )= Cov( vn — By B, — By ) = Cov(By, Bg).

—h.Hi . . . .
Therefore B~ is a fBm with Hurst index H,;. This property can be extended to the mfBm.

Lemma C.5. Let (B, BH2) be the 2fBm defined in C.1. For fived h € R, let (B B" Hl,Bh’Hz) be
the process defined as
(E?,H1’§?,H2) (Btlilh BH1 BtHﬁh B}I;‘Iz% t>0.
5" H1 B

Then (B ) is a 2fBm as in Definition C.1 with Hurst indexes (Hy, H2).
Proof. From the stationarity of the increments, we have that

BB, By = EI(BL, - BB, - B = BB/ B,

—h.Hi wh,Ha\ . . .

It follows that, for every h € R, the process (B ,B ) is a 2fBm as in Definition C.1. O

Let us finally recall the following theorem, which provides a moving average representation of
(BHy pH2),

Theorem C.6. [Theorem 8 in [2]] Let (B, BH2) be the 2fBm in Definition C.1. For (Hy, Hs) €
(0, 1)2 and Hy, Hy # % there exists MT, M~ two 2 x 2 real matrices such that, fori = 1,2,

-
-

(c5) B / (¢ —2) 8 = () hy M (- )™ = (—a) W ()

where W = (W1, W) is a Gaussian white noise with zero mean, independent components and

covariance E[W, (dz)W;(dz)] = 550190-
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