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Abstract

This chapter surveys the importance of reduced rank regression techniques (RRR) for modelling

economic and financial time series. We mainly focus on models that are capable to reproduce the

presence of common dynamics among variables such as the serial correlation common feature and the

multivariate autoregressive index models. Cointegration analysis, for which RRR plays a central role, is

not discussed in this chapter as it deserves a specific treatment on its own. Instead, we show how to detect

and model comovements in time series that are stationary or that have been stationarized after proper

transformations. The motivations for the use of RRR in time series econometrics include dimension

reductions which simplify complex dynamics and thus making interpretations easier, as well as pursuing

efficiency gains in both estimation and prediction. Via the final equation representation, RRR also makes

the nexus between multivariate time series and parsimonious marginal ARIMA models. The drawback

of RRR, which is common to all the dimension reduction techniques, is that the underlying restrictions

may be present or not in the data. We provide in this chapter a couple of empirical applications to

illustrate concepts and methods.
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1 Introduction

This chapter reviews, in an hopefully coherent manner, the main contributions in reduced rank regression

models (RRR hereafter) for the multivariate analysis of economic and financial time series. Our aim is not to

provide a complete historical survey of the RRR literature but instead to focus on, what we think, the most

fruitful specifications of this modelling for applied econometricians are. We compare the different model

representations and we illustrate them by applications on economic and financial time series. The goal of

this chapter is to show to what extent RRR is helpful for applied researchers to detect comovements in times

series and to reduce the dimensionality of the system as well as to improve the efficiency of estimators when

RRR restrictions are taken in consideration.

We do not cover in details the statistical theory underlying RRR models, for which the reader is referred

to, inter alia, Anderson (1984) and Reinsel and Velu (1998). We also focus in this chapter on specifications

for time series that are stationary or that have been transformed to stationarity. Indeed, RRR has been

extensively used for the analysis of cointegration among integrated variables (e.g. Johansen, 1996). We also

do not deal with the asymptotic theory that is required when RRR is applied to non-stationary time series,

which is a topic that deserves a complete treatment on its own.

The rest of this chapter is as follows. Section 2 motivates the use of RRR techniques and presents the

most important specifications. Section 3 deals with the statistical inference. Section 4 goes more deeply into

the properties of the most popular models, in particular common feature and autoregressive index models.

In Section 5, several empirical applications illustrate our analyses.

1.1 Motivations for reduced rank regression models

Our starting point in this chapter is a multivariate time series model for a vector of n (weakly) stationary

time series Yt = (y1t, ..., ynt)
′

such that

Yt = ΠXt + ΓZt + εt, t = 1...T, (1)

where Xt and Zt are, respectively, vectors of k and g stationary time series, Π and Γ are, respectively, n× k
and n× g coefficient matrices, and εt is a vector or n errors such that E(εt|Xt, Zt) = 0. Both Xt and Zt may
contain (linear functions of) lags of Yt, additional stochastic predictors and various deterministic functions

of time such as an intercept, deterministic trends, trigonometric functions, and dummy variables.

We assume that rank(Γ) = min(n, g) and that it could be possibly equal to zero. Indeed, the main focus

of this chapter will be on the matrix Π. Moreover, we assume for the moment that εt are i.i.d. innovations

with E(εtε
′
t) = Σ (positive definite) and finite fourth moments. Gaussianity of the error terms will be invoked

later for optimal statistical inference, in particular when we review the connection between the Canonical

Correlation Analysis (CCA henceforth) and the Maximum Likelihood (ML) approach. Later, we will also

relax the homoskedasticity assumption and consider the case when E(εtε
′
t) = Σt. Finally, the key assumption

of RRR is

rank(Π) = r < min(n, k), (2)

such that the matrix Π can be factorized as

Π = AB′, (3)

where A and B are, respectively, n× r and k× r full-rank matrices.1 Notice that factorization (3) is clearly
1A variant of this modelling consists in assuming that the matrix Γ has reduced rank as well. Statistical inference of such

case can be found, inter alia, in Reinsel and Velu (1998) and Centoni et al. (2007).
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not unique.

When condition (3) applies, Equation (1) defines, stricto sensu, a partial RRR model, whereas a full

RRR model is obtained when Γ equal to zero as well. For the sake of simplicity, in the remainder of this

chapter we will label tout court the following specification as the RRR model

Yt = AB
′Xt + ΓZt + εt, t = 1, ..., T. (4)

Before we go into details about the several specifications of the RRR in econometrics, it is important

to point out some differences between rank reduction techniques and other approaches such as principal

component analyses (PCA) and other factor models. The main difference is that RRR imposes restrictions

on the system generating the series, namely on the coefficient matrix Π, without losing any predictive

accuracy. Indeed, one may insert between B′ and Xt in (4) the following decomposition of the identity

matrix

B(B′B)−1B′ +B⊥(B
′

⊥B⊥)
−1B′⊥ = In,

where B⊥ is a full-rank n × (k − r) matrix such that B′
⊥
B = 0, to see that series B′

⊥
Xt are irrelevant

predictors of variables Yt and hence can be safely ignored. In PCA, by construction, one encounters an

information loss such that the first r principal components account for less than 100% of the total variation

of the Xt variables for any r < n. The drawback of reduced rank restrictions is that they may not be present

in the data, whereas it is always possible to extract principal components. In general, in the RRR approach

the validity of the factorization (3) is tested and not imposed to the model if it is statistically rejected.

As such, RRR models share the same aim as dimension reduction techniques or sparse methods, i.e. they

impose proper restrictions on Π in order to simplify the system with virtually no costs in terms of prediction

or explanation.

Being a dimension reduction technique, the first goal of RRR is consequently to reduce the number of

parameters that have to be estimated. Indeed, under RRR there are at most

m = r(n+ k − r) (5)

parameters in Π that have to be estimated instead of n × k in the unrestricted specification. Let’s take a
numerical example with n = 6 variables, r = 2 and k = 18, 2 we have 108 parameters in the unrestricted

matrix Π and only 44 parameters in the restricted product AB′. We subtract r2 in m from the sum of the

elements in A and B because the factorization (3) is defined up to a non-singular linear transformation.

Indeed, given a r × r full-rank matrix F , we have

Π = AF−1FB
′ ≡ A∗B′∗.

Determining the number of estimated parameters under reduced rank restrictions is important. It will

be used to compute the penalty factor of information criteria to compare various specifications of the RRR.

Similarly, the number of restrictions, namely (n − r)(k − r), is the number of degrees of freedom to be

used in likelihood ratio (LR henceforth) or Wald test statistics for the null hypothesis that restrictions (3)

hold. We wrote above that there are "at most" m parameters because in some of the models that we will

consider latter additional restrictions on A and B are imposed. For instance Cubadda and Hecq (2021)

assume commonalities in the spaces generating A and B matrices, reducing further the number of estimated

parameters and then m.

2This is the case for instance in a vector autoregressive model for 6 variables with 3 lags.
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The first motivation for the use of RRR is of course linked to a dimension reduction. In principle, reducing

the number of parameters should lead to more precise estimates of the parameters of interest when the rank

restrictions are valid. At the empirical level, it is not guaranteed that imposing the RRR restrictions will lead

to more precise inference and prediction. In particular, difficulties may arise when the unrestricted model

has a large number of parameters w.r.t. the sample size and traditional methods, such as the ML approach,

are used for statistical inference. Indeed, the favorable findings that Vahid and Issler (2002) obtained by

simulations for a small vector auto-regressive model (VAR hereafter) using a canonical correlation analysis

(CCA hereafter) were not replicated by other authors that considered medium or large VARs, see inter alia

Cubadda and Hecq (2011) and Bernardini and Cubadda (2015). As we will see later in this chapter, RRR

requires the use of non-conventional statistical methods when the system dimension is large.

The second reason of interest in RRR techniques is that they make the interpretation of multivariate

time series models easier. Although imposing zero restrictions can be seen as a more natural way to reduce

the number of parameters, parameters of reduced form models are often not endowed with a structural

interpretation. Moreover, the factorization of Π allows for unravelling new insights on the presence of co-

movements in economic and financial time series. As an example, it is well known that not only the presence

cointegration is crucial in the analysis of spurious regressions but it is also informative for the interpretation

of long run relationships between variables that are postulated by economic theory. Moreover, cointegration

implies that a smaller number of common trends generates the non—stationary movements in the series.

Similarly, RRR models can be used to investigate the presence of common features between stationary

variables as defined by Engle and Kozicki (1993). Specifically, a feature is a given time series property (e g.

seasonality, autocorrelation, etc.) that is present in series Yt and such feature is said to be common when

there exist n − r linear combinations of series Yt that do not posses the feature anymore. For instance, a
reduced-rank structure in a VAR model of the growth rates of different economies implies the presence of

common cycles, which is turn informative about the degree of convergence of those economies (Vahid and

Engle, 1993; Beine et al., 2000; Hecq et al, 2000). In finance, RRR models can be used to extract portfolios

that have no time varying second moments although the volatilities of individual series are time varying

(Hecq et al., 2016). Moreover, the multivariate index autoregressive model (MAI hereafter), which is a VAR

with a peculiar reduced-rank structure, can be used to extract common components in a similar manner as

dynamic factor models (Reinsel, 1983).

The third reason why RRR models are practically relevant is for forecasting purposes. Multivariate time

series models cannot be estimated with traditional statistical methods when the number of predictors is large

w.r.t. the sample size. As a dimension reduction technique, RRR offers a possible way out to the problem of

parameter proliferation that afflicts VAR models. Although empirical results that refer to small-scale models

are somewhat mixed, RRR proved to be a valid alternative to Bayesian VARs and dynamic factor models

for medium-large dimensional system, see inter alia Carriero et al (2011) and Cubadda and Guardabascio

(2019).

A fourth reason that has raised our own interest is that the presence common cyclical features restric-

tions, leading to reduced rank restrictions in the short-run dynamics, explains why we identify parsimonious

univariate marginal ARIMA models in applied research, a paradox that the profession had difficulties to

explain (see Cudadda et al, 2008, 2009, Chevillon et al., 2018; Hecq et al., 2016).

Some of the most important specifications are briefly covered in the next subsection. A more detailed

description of several models that we personally find the most interesting for empirical studies will be

presented in Section 4.
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1.2 A sketch of different models

1.2.1 Cointegration

This chapter considers RRR models for time series that are either stationary or stationarized after differenc-

ing. For instance we can use the first difference operator ∆ = (1 − L), where L is the lag operator, or the
seasonal differences ∆s = (1−Ls) for data that are observed s times in a year. In general, the choice of the
operator to render series stationary is based on the outcome of some unit root tests.

It is a common practice in dynamic factor models to individually stationarize time series without paying

attention to the presence of possible long-run relationships among variables. However, we cannot avoid to

discuss RRR models without mentioning one of the most important example of common features, namely

the presence of common stochastic trends and the related notion of cointegration (Engle and Granger,

1987). In this framework, we simplify the presentation by assuming that a VAR of finite order p generates

n time series Ut that are integrated of order one (I(1) henceforth). Furthermore, we use the notation

Yt = ∆Ut, Xt = Ut−1, Z
′
t = [D′

t,∆U
′
t−1, . . . ,∆U

′
t−p+1] where D

′
t is a vector of deterministic elements.

Under cointegration restrictions, the VAR model that generates series Ut can be rewritten in a vector error

correction model (VECM henceforth), namely in a RRR model as (4) where A and B are full-rank n × r
matrices such that B

′

Yt−1, namely the error terms, are I(0) and A are their loadings. Since series Ut are

non-stationary, a non-standard asymptotic theory is undertaken to evaluate the rank of Π, see inter alia

Johansen (1996) and the references therein. Several extensions have been proposed in the literature such as

multicointegration, seasonal cointegration, and fractional cointegration among others. A detailed description

of the cointegration modelling is however beyond the scope of this survey.

1.2.2 Common deterministic features

Deterministic elements can also be subject to RRR commonalities. Assume that in Equation (1) we have

that Xt is a vector of deterministic elements such as trigonometric functions, dummy variables and non-

linear trends, whereas Zt may include lags of Yt as well as additional stochastic predictors. Examples of

this modelling include the common deterministic seasonal features (Hylleberg and Engle, 1996; del Bario

Castro and Hecq, 2016; Hecq et al. 2012), co-breaking (Hendry, 1999), and co-trending (Bierens, 2000). We

provide an example of common deterministic trends in the empirical section, this feature having been less

investigated than others.

1.2.3 Common serial correlation

While the presence of cointegration between I(1) series reduces the rank of the long-run multiplier matrix,

a common feature leads to a rank reduction in the matrix summarizing short-run dynamics. Most of this

chapter emphasizes dynamic commonalities for a set of stationary time series. The starting point is the

notion of the serial correlation common feature (SCCF henceforth) by Engle and Kozicki (1993). A stationary

VAR(p) for series Yt has the SCCF when in Equation (1) we have X
′
t = [Y ′t−1, . . . , Y

′
t−p], Zt is a vector of

deterministic elements and

Π = A[B′1, . . . , B
′

p]. (6)

where Bj is an n× r matrix for j = 1, ..., p.
The set of restrictions in (6) implies that the coefficient matrix Π has a common left null space such that

A
′

⊥
Π = 0 where A

′

⊥
A = 0. Several extensions have been proposed in the literature in order to relax the
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restrictions (6) in various directions. In particular when SCCF has been analyzed together with cointegration,

such as the notions of common cycles (Vahid and Engle, 1993), codependent cycles (Vahid and Engle, 1997),

common cycles in seasonal non-stationary time series (Cubadda, 1999), the polynomial SCCF (Cubadda and

Hecq, 2001), and weak form of SCCF (Hecq et al., 2006).

1.2.4 Multivariate autoregressive index model

The specifications of the RRR that we have briefly illustrated so far are all special cases of common features

as defined by Engle and Kozicki (1993). For instance, it is easy to see from (6) that the SCCF implies that

the linear combinations A
′

⊥
Yt have no serial correlation although series Yt are generated by a VAR(p).

A RRR specification that does not belong to the common feature family (when p > 1 in the VAR(p))

is the multivariate autoregressive index model (MAI henceforth) as originally proposed by Reinsel (1988).

Assume again that series Yt are generated by stationary VAR(p), hence Xt = [Y
′
t−1, . . . , Y

′
t−p]

′ and Zt is a

vector of deterministic elements. The MAI requires that in Equation (1) we have

Π = [A1, . . . , Ap](Ip ⊗ ω′), (7)

where Aj is an n× r matrix for j = 1, ..., p and ω is a full-rank n× r matrix.
Notice that (7) can be equivalently rewritten as

Π = [A1ω
′, . . . , Apω

′],

which reveals that there is a clear link between the MAI and the popular dynamic factor model (Carriero et

al., 2016; Cubadda and Guardabascio, 2019) with the difference that no information is lost in the MAI and

that specification might not exist and must be tested.

1.2.5 Common volatility

The RRR approach has also been used to investigate the second moments of financial time series. Among

the various contributions, Hecq et al. (2016) and Engle and Marcucci (2016) consider a set the squared asset

returns (or the residuals from a conditional mean model) and detect the presence of common volatilities.

This means that although individual returns feature some time varying volatility, a combination of them, i.e.

a portfolio, has got a non time varying conditional variance. Their study lies clearly within the multivariate

GARCH framework. The investigation of Cubadda and Hecq (2017) differs from the previous ones in two

aspects. First, they consider realized volatilities instead of squared returns within a vector heterogenous

autoregressive process (VHAR). A VHAR is a VAR(22) with restrictions on the parameters such that the

only predictors are the first lags of the daily, weekly and monthly averages of series Yt. Second, they extract

the common components from a set of realized volatilities by means of a multivariate index model, focussing

consequently on the right hand side properties of Π.

2 Statistical inference for reduced-rank regression models

In this section we review some of the statistical approaches that were proposed to identify and estimate

the RRR model using time series data. We will distinguish the case where the matrices A and B are

unconstrained, for which statistical inference on RRR can be obtained by CCA, from the case that restrictions

apply either on A or B, such as in (7). In the latter case, a closed form solution of the ML estimator is not
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always available. We will also mention the procedures that can be applied when the system dimension is

large compared to the sample size.

2.1 Canonical correlation analysis

The estimation of reduced rank regression models involve the estimation of eigenvalues and eigenvectors of Π,

usually by means of the canonical correlation procedure (Anderson, 1951). The first step of such procedure,

that is called for when Γ 6= 0, requires to partial out the effect of Zt both on Yt and Xt. This goal is reached
by computing the residuals R0t = Y

′Mt· and R1t = X
′Mt·, where Mt· is the t−th column of the projection

matrix (residual maker)

M = IT − Z(Z ′Z)−1Z ′,

Y = [Y1, . . . , YT ]
′, X = [X1, . . . ,XT ]

′, and Z = [Z1, . . . , ZT ]
′.

Next, we compute the cross-product matrices

Sij = T
−1

TX

i=1

RitR
′

jt i = 0, 1; j = 0, 1.

Finally, we solve ��λS11 − S10S−100 S01
�� = 0

from which we extract the eigenvalues λi and the eigenvectors Vi for i = 1, ...,min(n, k), where the former are

sorted in non-increasing order. In practice, the eigenvalues may be conveniently obtained from the symmetric

and semi-definite positive matrix S
−1/2
11 S10S

−1
00 S01S

−1/2
11 whose eigenvectors V̄i are such that Vi = S

−1/2
11 V̄i.

In what follows, we denote such procedure as

CanCorr(Yt, Xt|Zt).

The key point of the asymptotics of CanCorr(Yt, Xt|Zt) is that the smallest n−r eigenvalues λr+1, . . . λn
converge in probability to zero whereas the r eigenvectors Ĉ = [v1, . . . , vr] that are associated with λ1, . . . λr

are
√
T−consistent estimator (up to a non-singular linear transformation) of the matrix B, see Anderson

(1999).

Moreover, if the distribution of [Y ′t , X
′
t]
′ conditional on Zt is Gaussian, CCA solves the ML problem for

model (4). In particular, the LR test statistic for the null hypothesis that rank(Π) = r versus the alternative

that Π has full-rank is

LR(r) = −T
min(n,k)X

i=r+1

ln(1− λ̂i), (8)

which is asymptotically distributed as

LR(r)
d→ χ2[(n− r)(k − r)].

whereas Ĉ is asymptotically normally distributed.

Finally, denoting Π̂ = ÂĈ ′, where Â = S10Ĉ, Π̂ is also asymptotically normally distributed with a

covariance matrix that is smaller than the one in the unrestricted ordinary least square estimator (OLS) of

Π. This last result does not depend on the normality assumption (Anderson, 2002). As previously mentioned,

these asymptotics results do not hold if series Yt posses unit roots. Readers are referred to Johansen (1996)

for the case of cointegration.
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Notice that, as an alternative to testing procedures, information criteria (IC) may be used to estimate r.

Interestingly, IC for the problem at hand are linked to the statistic (8) by the following relation

IC(r) = − 2
T
log likr +

ρ(T,m)

T
,

where
2

T
log likr =

(
ln |S00 − S01S−111 S10|, for r = min(n, k),
2
T log likn − LR(r), for r = 0, ...,min(n, k)− 1,

and the penalty function ρ(T,m) is respectively 2m, m ln lnT , and m lnT for the IC by Akaike, Hannan-

Quinn, and Schwarz, see Vahid and Issler (2002) and the references therein. Hecq (2002) compares both

approaches for the analysis of Latin American growth rates.

2.2 Switching algorithms

An alternative way of conducting inference on the RRR, which is particularly convenient when additional

restrictions apply on either B or A, is using a switching algorithm as originally proposed by Boswijk (1995)

for cointegration analysis. Basically, a switching algorithm is an iterative procedure that aims at increasing

the likelihood in each step by alternating between the maximization of two different object functions: the

likelihood of A, Γ and Σ conditional on B, and the likelihood of B conditional on A, Γ and Σ.

In particular, under the assumption of Gaussianity the switching algorithm for estimating model (4) goes

as follows:

1. In view of Equation (4) and given (initial) estimates of B, estimate A, Γ and Σ by OLS.

2. Premultiply by Σ−1/2 and apply the Vec operator to both the sides of Equation (4), then use the

property Vec(ABC) = (C ′ ⊗A)Vec(B) to get

Σ−1/2(Yt − ΓZt) = (X ′

t ⊗ Σ−1/2A)Vec(B′) + Σ−1/2εt

Given the previously obtained estimates of A, Γ and Σ, estimate Vec(B′) with OLS on the above

model.

3. Repeat Steps 1 and 2 till numerical convergence occurs.3

The main merit of switching algorithms is that they allow for easily imposing over-identifying restrictions

or regularization schemes in the estimation of B or A. For instance, Cubadda et al. (2017) proposed a

switching algorithm for endowing a multivariate model for realized volatilities with the index structure in

(7), whereas Cubadda and Guardabascio (2019) offered switching algorithms for the regularized estimation

of the SCCF and MAI models that are augmented with individual AR components for each element of Yt.

A classical alternative to switching algorithms is the Newton-Raphson method used in Reinsel and Ahn

(1992), which explicitly take into account the correlation structure of the estimates of A and B.

2.3 Reduced rank regression under heteroskedasticity

We have assumed that the errors εt are homoscedastic; we now look at the impact of time varying volatility

when assessing the presence of comovements. We review to what extent the presence of heteroskedasticity

3A general proof of the convergence of this family of iterative procedures is given by Oberhofer and Kmenta (1974).
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modifies the behavior of the tests statistics covered so far in this chapter. For instance, to what extent can

we accurately detect the presence of common dynamics in series like interest rates, inflation rates, exchange

rates or stock returns, namely most macro finance data, when variables are characterized by time varying

second moments.

To the best of our knowledge, Beine and Hecq (1999) is one of the first paper that investigates, using Monte

Carlo simulations, the impact of GARCH type errors when testing for reduced rank in stationary multivariate

time series.4 They show that testing for reduced rank restrictions in multivariate moving average models

(a framework called codependence by Gouriéroux and Peaucelle, 1993) is heavily affected by the presence

of heteroskedastic errors. Hecq (2000) reaches similar conclusions for the scalar component model of Tiao

and Tsay (1989), namely a VAR-moving average model with potential reduced rank restrictions on both

the autoregressive and the moving average parts. Both Beine and Hecq (1999) and Hecq (2000) point out

that time varying second moments also lead to an overestimation of the detection of lag orders of dynamic

models using conventional strategies, hence also reducing the power of reduced rank tests. These findings is

extend to the multivariate case those obtained by Diebold (1986) and Hecq (1996) for univariate time series.

GARCH errors are then responsible for large size distortions in the sense that traditional critical values are

too low for correctly rejecting the null. As expected, the distortions observed increase when volatility clusters

are large and with the sample size as the occurrence of large volatile events increases. However, neither Beine

and Hecq (1999) nor Hecq (2000) propose an alternative modeling. We next review some possible robust

solutions that have been developed in the literature.

Let us first focus on the estimation of the matrix A
′

⊥
when X ′

t = [Y ′t−1, . . . , Y
′
t−p], Zt is a vector of

deterministic elements and restrictions (6) apply. From a generalize method of moments (GMM) perspective,

the SCCF null hypothesis consists of an orthogonality condition between a combination of variables Yt

and their p lags Xt. Consequently the use of the GMM and the associated orthogonality test is quite

intuitive. Candelon et al. (2005) introduce robust parametric and non parametric procedures to test for

serial correlation common features in the presence of time varying second moments. We only describe their

robust GMM approach that is more closely related to the material of this chapter. In a nutshell, the idea

behind their robust GMM approach is simply to extend the single equation instrumental variable estimator

(IV) using heteroskedastic consistent standard errors (HCSE) proposed by White (1982).

Assume for the moment that n − r = 1, hence A
′

⊥
is a n-vector, and write A

′

⊥
= [1,−θ′]′ and Yt =

[y1t,Wt]
′. In the presence of heteroskedastic errors, Candelon et al. (2005) consider the following GMM

estimator of θ

θ̂ =
�
W ′MX(X

′
MSMX)−1X ′MW

�−1
W ′MX(X

′
MSMX)−1X ′My1

where y1 = [y1,1, . . . , y1,T ]
′, W = [W1, . . . ,WT ]

′, S = diag(e21, ...e
2
T ), and et = y1t − θ̃′Wt, where θ̃ is the

homoscedastic version of the estimator above, i.e. with S = IT . A test for the existence of a single SCCF

vector can then be via the usual overidentification test statistic

J(θ̂) = e∗′MX(X ′MSMX)−1X ′Me∗

where e∗ = [e∗1, . . . , e
∗

T ]
′, and e∗t = y1t − θ̂′W . Under the null hypothesis we have J(θ̂)

d→ χ2[n(p− 1) + 1].
Candelon et al. (2005) show in their simulation study that the sizes of both the non-robust GMM and

the canonical correlation procedures increase dramatically with the impact of yesterday’s news parameter in

the GARCH as well as with the number of observations.5 Notice that the single robust GMM approach can

4There exists a large literature on the impact of GARCH innovations on cointegration analysis that we do not cover.
5Hecq and Issler (2012) have also implemented a Newey and West (1987) correction in constructing S.
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be easily extended to the multivariate robust case using the normalization

A
′

⊥ = [In−r,−Θ]

where Θ is full rank (n − r) × (n − r) matrix. However, a limit of the multivariate GMM approach is that

it is still a regression strategy that is dependent on the choice of left hand side variables, which is generally

arbitrary. Hence, we would favor a multivariate robust counterpart to the canonical correlation approach.

With that aim in mind, Hecq and Issler (2012) propose to modify the likelihood ratio test in two aspects.

First they use a Wald approach introduced in Christensen, Hurn and Pagan (2011). Having reformulated

the SCCF restrictions as

RVec(Π′) = 0(snp)×1

where R = A′
⊥
⊗ Inp, the latter authors propose to substitute A′⊥ with its estimate Â⊥ that is obtained

by CCA. Under homoscedasticity, they show that such Wald test is asymptotically equivalent to the LR

one. Then Hecq and Issler (2012) robustify the considered Wald test using the multivariate extension of the

White’s HCSE proposed in Ravikumar et al. (2000) for system of seemingly unrelated regressions. Indeed,

HCSE does not modify the estimated parameters nor the likelihood and hence a Wald test is appropriate.

The Monte Carlo simulations in Hecq and Issler (2012) show that the proposed strategy is as good as a

single equation robust GMM for n− r = 1, and that it performs well to detect multiple SCCF relationships.
Alternatively, Kleibergen and Paap (2006) provided a general approach for testing restrictions (6) that

allows for heteroscedastic errors in model (4). Their method requires as a first step to estimate unrestrictedly

the matrix Π by an estimator Π̂ that has an asymptotic normal distribution, and then to compute the singular

value decomposition Π̄ = UDV , where D is the n × k rectangular diagonal matrix of the singular values
d1, ...dn which are sorted in non-increasing order, and finally obtaining a test statistic for the null hypothesis

(6) that is based on proper transformation of the (n− r) smallest singular values dr+1, ...dn. The key point
is that the approach is general enough to allow for the use of an estimator of Π such that the asymptotic

variance matrix of Vec(Π̂) has not a Kronecker structure as in the case of heteroscedasticity. They show by

simulation that their test, in combination with an estimator Π̂ that explicitly takes into account the presence

of heteroscedastic errors, outperforms the one based on the standard CCA approach.

2.4 Inference for high-dimensional models

The previously illustrated procedures are based on the standard asymptotic framework where the sample

size T diverges and the system dimension n is fixed. A relevant part of modern time series econometrics

focuses instead on the high-dimensional environment where both T and n are large, with the former possibly

smaller than the latter. It is clear that in such a framework standard estimation procedures break down and

new methods are called for.

Focusing on the SCCF case, Lam et al. (2011) proposed a simple non-parametric estimator of the matrix

A that is consistent when T and even n diverge. The basic assumptions are that series Yt are stationary,

Γ = 0,6 E(Yt|̥t−1) = AB′Xt, where ̥t is the natural filtration of the process Yt at time t, and, without

loss of generality that A′A = Ir. Then we can use the identity AA
′ + A⊥A

′

⊥
= In in order to decompose

series Yt as

Yt = Aft +A⊥ηt, (9)

where ft = A
′Yt, ηt = A

′

⊥
εt and A⊥ is a full-rank n× (n− r) matrix such that A′⊥A = 0 and A′⊥A⊥ = In−r.

6See Chang et al. (2015) for an extension of the method to the case that Γ 6= 0.
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We see from (9) that A′
⊥
Yt = ηt is a (n − r) dimensional innovation process. Hence, the matrix A lies

in the space generated by the eigenvectors associated with the r non-zero eigenvalues of the symmetric and

semi-positive definite matrix

M =

p0X

j=1

Σy(j)Σy(j)
′,

where p0 is a positive integer, where Σy(j) is the autocovariance matrix of series Yt at lag j. Let us indicate

with V̂q the matrix formed by the eigenvectors associated with the q (≤ n) largest eigenvalues of the sample
estimate ofM . Under some regularity conditions, V̂r is a

√
T -consistent estimator of A (up to an orthonormal

transformation) when r is fixed, n, T →∞, and a′iai = O(n) for i = 1, ..., r, where A = [a1, ..., ar]. Moreover,
Lam and Yao (2012) proved that a consistent estimator of r is provided by

r̂ = arg min
i=1,..R

n
λ̂i+1/λ̂i

o
, (10)

where R is a constant such that r < R < n and λ̂i is the i−th largest eigenvalue of matrix M̂ .
Remarkably, Equation (9) shows that the factors ft are responsible for the whole dynamic of series Yt.

Under the assumption that variables Yt are generated by a large stationay VAR, Cubadda and Hecq (2021)

provide the conditions under which the factors ft are generated by a (small-scale) VAR as well as the related

statistical methods.

In a Bayesian setting, Carriero et al. (2011) proposed a straightforward method for imposing the SCCF

restrictions (6) in large VARs. Assuming X ′
t = [Y ′t−1, . . . , Y

′
t−p] and that Zt is a vector of deterministic

elements, the suggested approach consists in first estimating the posterior mean Π̄ of the matrix Π by a

proper version of the Minnesota prior (Kadiyala and Karlsson, 1997), then computing the singular value

decomposition Π̄ = UDV , where D is the n× k rectangular diagonal matrix of the singular values d1, ...dn
which are sorted in non-increasing order, and finally obtaining a reduced rank approximation of the posterior

mean as

Π̄r = [u1, ..., ur]Dr[v1, ..., vr]

where Dr = diag[d1, ...dr], and ui, vi are the vectors associated with di for i = 1, ..., n. Carriero et al.

(2011) empirically show that the proposed method compares well with popular approaches in macroeconomic

forecasting.

Other approaches to tackle the dimensionality issue in RRR models include Cubadda and Hecq (2011),

who proposed a multivariate partial least squares approach to test for the presence of SCCF, Bernardini and

Cubadda (2015), who offered a regularized version of the CCA approach for stationary VARs, and Carriero

et al. (2016), who developed Bayesian inference for the MAI modelling.

3 Reduced-rank structures for economic and financial modelling

In this section we review in more details the most common specifications of the RRR approach for the analysis

of economic and financial variables. The first two subsections follow and update Centoni and Cubadda (2015)

in reviewing models that are mainly applied in macroeconometrics whereas the last subsection focuses on

the use of RRR in financial econometrics.
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3.1 Common cyclical features

Let us assume that variables Ut are generated by a VAR(p) model and that they are cointegrated of order

(1, 1). Hence, they admit the following vector error correction model (VECM) representation:

Γ(L)∆Ut = AB
′Ut−1 + εt (11)

where Γ(L) = In −
Pp−1

i=1 ΓiL
i such that the solutions of det[Γ(z)] = 0 lie outside the unit circle and B′Ut is

I(0). Since ∆Ut are I(0), they admit the following Wold representation:

∆Ut = Ψ(L)εt

where Ψ(L) = In+
P∞

i=1ΨiL
i is such that

P∞

j=1 j |Ψj | <∞. By expanding Ψ(L) on 1 and integrating both
sides of the above equation, we get the multivariate Beveridge-Nelson representation (BN):

Ut = U0 + τt + κt

where τt = Ψ(1)
t−1P
j=0

εt−j , κt =
t−1P
j=0

eΨjεt−j , and eΨi = −
P

j>iΨj for all i.

We know from the Engle-Granger representation theorem (Engle and Granger, 1987; Johansen, 1996)

that B′Ψ(1) = 0 and thus B′τt = 0, series Ut share (n− r) common stochastic trends. However, detrended
macroeconomic time series typically display clear evidence of comovements (Lucas, 1977), thus suggesting

that common trends are not the only source of commonalities in the economy. This leaves open the possibility

that there exist linear combinations of cyclical series that are not cyclical. In order to expand this argument,

let us concentrate on κt, namely the stochastic cycles of series Ut. While the presence of cointegration implies

reduced-rank restrictions on the VECM parameters that are responsible for the presence of common trends,

the common cyclical feature (CCF henceforth) approach is instead concerned with reduced-rank restrictions

on the VECM parameters that induce commonalities among the cycles κt. Remarkably, timing is important

when defining a notion of short-run comovements. Hence, we have alternative notions of CCFs that differ

according to the degree of synchronicity that they impose on the cycles κt.

The seminal notion of CCF is the one of SCCF (Engle and Kozicki, 1993). In particular, series ∆Ut have

s (s < n) SSCFs iff there exists an n× s matrix δS with full column rank such that the VECM (11) can be

rewritten into the following RRR model

∆Ut = δS⊥ω
′

S(U
′

t−1B,∆U
′

t−1, . . . ,∆U
′

t−p+1)
′ + εt

where ωS is an (np−n+ r)× (n− s) matrix with full column rank. Since δ′S∆Ut = δ′Sεt, there exist s linear
combinations of series ∆Ut that are innovation processes. Since δ

′

Sκt = 0, there exist (n− s) common cycles
in series Ut that are perfectly synchronized (Vahid and Engle, 1993).

Cubadda and Hecq (2001) proposed the notion of polynomial serial correlation common features (PSCCF)

as a measure of non-contemporaneous cyclical comovements. Non-synchronous common cycles arises, for

example, in economic model of consumption with several types of consumer goods as, e.g., in Vahid and

Engle (1997) and Schleicher (2007); it is shown that the maximization problem of the representative agent

implies an unsynchronized common cycle in the consumer goods vector. We say that series ∆Ut have s

PSCCF’s iff there exists an n× s matrix δP with full column rank such that δ′PΓ1 6= 0, and thus the VECM
(11) can be rewritten into the following partial RRR model

∆Ut = Γ1∆Ut−1 + δP⊥ω
′

P (∆U
′

t−2, . . . ,∆U
′

t−p+1, U
′

t−1B)
′ + εt
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where ωP is an (np− 2n+ r)× (n− s) matrix with full column rank. Remarkably, the existence of PSCCF
requires that there exists a first-order polynomial matrix

δ(L) = δP − Γ′1δPL

such that δ(L)′∆Ut = δ
′

P εt, and δ(L)
′κt = δ

′
1Ψ(1)εt. Hence, the PSCCF relationships cancel the dependence

from the past of both the first differences and the cycles of series Ut.

In the previous definitions of common cyclical features, the number of CCF relationships, s, cannot exceed

the number of common trends, (n− r). In order to remove this restrictions, Hecq et al. (2006) proposed the
notion of weak form of SCCF (WF henceforth): series ∆Ut have s WF’s iff there exists an n× s matrix δW
with full column rank such that δ′WA 6= 0, and the VECM in (11) can be rewritten into the following partial

RRR model

∆Ut = AB
′Ut−1 + δW⊥ω

′

W (∆U
′

t−1, . . . ,∆U
′

t−p+1)
′ + εt

where ωW is an (np− n)× (n− s) matrix with full column rank. Cubadda (2007) shows that WF requires
the existence of a first-order polynomial matrix

δW (L) ≡ δW − (BA′ + In)δWL

such that δW (L)
′Ut = δ′W εt, and δW (L)

′κt = δ′W (In − Ψ(1))εt. Hence, the same WF relationships cancel
the dependence from the past of both the levels and the cycles of series Ut.

A limitations of the previous models of CCFs is that they cannot handle the possible coexistence of

differing types of reduced-rank restrictions within the same model. In order to overcome this limitation,

Cubadda (2007) introduced the notion of weak form of PSCCF (WFP henceforth), which encompasses most

of the existing formulations: series ∆Ut have s WFP’s iff there exists an n × s matrix δF with full column
rank such that δ′FA 6= 0, δ′FΓ1 6= 0, and the VECM in (11) can be rewritten into the following partial RRR

model

∆Ut = AB
′Ut−1 + Γ1∆Ut−1 + δF⊥ω

′

F (∆U
′

t−2, . . . ,∆U
′

t−p+1)
′ + εt

where ωF is an (np − 2n) × (n − s) matrix with full column rank. The WFP requires the existence of a
second-order polynomial matrix

δF (L) ≡ δF − (BA′ + In + Γ′1)δFL+ Γ′1δFL2

such that δF (L)
′Ut = δ′F εt and δF (L)

′κt ∼ VMA(1). Hence, the polynomial matrix δF (L) transforms the

BN cycles κt into a process with shorter memory.

Cubadda et al. (2008, 2009) focused on the implications of the existence of CCFs for the univariate

autoregressive integrated moving average (ARIMA) representations of elements of Ut. As it is well known,

each series generated by a VAR process follows an individual ARIMA process. However, the VAR models

that are typically used in macroeconomic analysis would imply highly non parsimonious ARIMA models for

individual time series, whereas low order ARIMA models are empirically appropriate in most cases. This

is the so-called "autoregressivity paradox". Remarkably, Cubadda et al. (2009) show that when the VAR

or VECM model is endowed with CCF restrictions, the individual ARMA orders are significantly reduced,

becoming much closer to those that are commonly employed in empirical applications. Hence, the existence

of CCF’s provides a possible, economically meaningful, solution of the autoregressivity paradox.

The CCF analysis was extended even to series having different forms of non-stationarity than I(1)-ness. In

particular, Cubadda (1999, 2001) explored the presence of common cycles in variables that are also integrated
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at (a subset of) the seasonal frequencies, whereas Paruolo (2006) focused on the case of I(2) systems. Franchi

and Paruolo (2011) offered a comprehensive theoretical analysis of the conditions of existence of the various

form of CCF’s and of the characterization of the CCF relations in I(0), I(1)and I(2) systems.

Bulding on Ahn and Reinsel (1989), Ahn (1997) proposed a variant of the SCCF such that coefficient

matrices of the lags of ∆Ut have reduced ranks that are nested each other: Range(Γj) ⊃ Range(Γj+1) for

j = 1, ..., p − 2. Such nested structure provides a very general statistical model since it encompasses both
the SCCF and its polynomial extensions as particular cases. However, its interpretation in terms of common

short-run components is more involved.7

Goetz et al. (2016) show how RRR restrictions can help in reducing the number of parameters when

testing for Granger-causality in large mixed-frequency VARs with both monthly low frequency and daily

high frequency series. Goetz et al. (2013) detect the presence of common cycles in mixed frequency VARs

when the number of high frequency series is not too large compared to the low frequency variable.

Recently, Cubadda and Hecq (2019) investigated the presence of CCFs in pure non-causal VARs, i.e.

in multivariate time series models where variables Yt are linear functions of their leads plus an error term.

A complication in the statistical analysis of those models is that each non-causal VAR admits a so-called

pseudo-causal representation, i.e. a traditional VAR model where the error term is a white noise but not a

innovation process. Since Gaussian ML cannot discriminate between the genuine non-causal representation

and the pseudo representation of the series, it is required to assume that errors are not normal in order to

exploit moments higher than two for statistical inference. Interestingly, Cubadda and Hecq (2019) show that

if the non-causal VAR has the SCCF, the pseudo-causal VAR has not and vice versa. Hence, CCA can be

applied, where either lags or leads are included in Xt, to determine whether SCCF is present in either the

backward- or forward-looking dynamics of the series.

3.2 VAR models with an index structure

Another modelling that is also endowed with a reduced-rank structure is the Multivariate Autoregressive In-

dex model (MAI henceforth) as originally proposed by Reinsel (1983). Assuming that series Yt are generated

by a stationary VAR(p)model and that restrictions (7) apply, the basic version of the MAI reads

Yt =

pX

j=1

Ajω
′Yt−j + εt (12)

The linear combinations ft = ω
′Yt are called the indexes and, interestingly, they follow a VAR(p) process as

well. Indeed, if we premultiply both sides of Equation (12) by the matrix ω′ we get

ft =

pX

j=1

ω′Ajft−j + ω
′εt, (13)

whereas linear combinations of series generated by an unrestricted VAR(p) model generally follow a VARMA

process, see Cubadda et al. (2009) and the references therein.

Lately, the MAI has gained some popularity because it allows to rewrite a (possibly large) VAR model

in a analogous way to the popular dynamic factor model (DFM, surveyed in Lippi, 2019). In order to see

this, invert the polynomial matrix in (12) to get the Wold representation of series Yt

Yt = Ψ(L)εt,

7Ahn and Reinsel (1989) interpreted the nested reduced-rank structure in terms of a reduced number of channels (w.r.t. n)

through which past information is passed onto the current observation.
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then use the decomposition of the identity matrix as in Centoni and Cubadda (2003)

Σω(ω′Σω)−1ω′ + ω⊥(ω
′

⊥Σ
−1ω⊥)

−1ω′⊥Σ
−1 = In

to obtain the decomposition

Yt = χt + ιt (14)

where

χt = Ψ(L)Σω(ω
′Σω)−1εχt ,

ιt = Ψ(L)ω⊥(ω
′

⊥Σ
−1ω⊥)

−1ειt,

εχt = ω′εt, ε
ι
t = ω′

⊥
Σ−1εt. Since E(ε

χ′
t ε

ι
t) = 0, the components χt and ιt are uncorrelated at all lags and

leads. Moreover, we see from (12) that shocks εχt are those hitting the indexes ft. Hence, we can refer to ε
χ
t

as the common shocks of series Yt and, consequently, to χt as the common components of series Yt.

Carriero et al. (2016) proposed a Bayesian method to estimate the MAI and then used decomposition

(14) to perform a structural analysis where the structural errors are linear transformation of the common

shocks εχt only.

Cubadda and Guardabascio (2019) extended the basic MAI model by allowing for individual AR struc-

tures for each element of Yt. In particular the proposed model, which they label as the multivariate index-

augmented autoregressive model (MIAAR), reads

Yt =

pX

j=1

DjYt−j +

pX

j=1

Ajω
′Yt−j + εt, (15)

Dj is a N ×N diagonal matrix for h = 1, ..., p. Remarkably, the mathematical formulation of the MIAAR

model is such that series are forecasted in a similar manner as by the DFM. Cubadda and Guardabascio

(2019) offer a switching algorithm, along with its regularized version, to estimate the parameters of model

(15), and they empirically show that the MIAAR compares well with popular approaches in macroeconomic

forecasting.

3.3 Reduced rank models for second moments

This subsection does not see time varying volatility as a misspecification one has to robustify for but in-

stead a feature of interest per se. Instead, we present model for the detection of commonalities in second

moments. Many models have been proposed to proxy volatilities, that are in essence latent variables. If one

takes the example of stock price series, one can test for reduced rank restrictions on squared returns using

linearized multivariate version of the generalized auto-regressive conditional heteroskedasticity (GARCH)

model. Alternatively, one can directly estimate multivariate VAR models on realized volatility series built

from intraday data. We cover models such as common ARCH features modelings when there exists a com-

mon left null space in the parameters of the multivariate model generating the squared returns. We also

look at multivariate index models for realized (co-)volatilities.

3.3.1 Common GARCH features

Let us denote εt = H
1/2
t zt, t = 1, . . . , T, the n × 1 vector of excess returns of financial assets observed

at the time period t = 1...T with zt ∼ iid.(0, In). Consequently we have εt|Ωt−1 ∼ D(0, Ht) with Ωt−1
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the past information set and Ht the conditional covariance matrix of the n assets that is measurable with

respect to Ωt−1; D(., .) is some arbitrary multivariate distribution. Using half-vectorization operators for the

Vech(Ht), let us denote vt = Vech(εtε
′

t) − Vech(Ht) which by definition is a martingale difference sequence
with respect to the past of Vech(εtε

′

t). A multivariate GARCH(0, 1) can be written as a VAR(1) for observed

squared returns and covariances. For instance a bivariate model with Vech(Ht) = {h11t, h12t, h22t}′ and
Vech(εtε

′

t) = {ε21t, ε1tε2t, ε22t}′ gives



ε21t

ε1tε2t

ε22t


 =



ω1

ω2

ω3


+



α11 α12 α13

α21 α22 α23

α31 α32 α33







ε21t−1

ε1t−1ε2t−1

ε22t−1


+



υ1t

υ2t

υ3t


 , (16)

where usual non-negativity and stationarity restrictions on the parameters are assumed to be met. For n

assets and q lags, we have a N = n(n+ 1)/2 dimensional vector, such that

A(L)ǫt = ω + vt, (17)

where A(L) = (I−A1L−...−AqLp), Ai is a n×n coefficient matrix for i = 1, ..., p, ω and vt are n−dimensional
vectors. Testing for common GARCH feature (in the sense of Engle and Kozicki, 1993) amounts to look

towards s directions δ′εt such that the δ
′εt combinations of asset returns are conditionally homoskedastic,

namely such that δ′εt|Ωt−1 ∼ D(0, C) where C does not depend on t. There exist s linear combinations

of εt that have time-invariant conditional distributions. The remaining n − s combinations generate the
time-varying volatility of the system.

Engle and Marcucci (2006) use canonical correlation between pairs of (log) squared returns seriesVecd(εtε
′

t) =

{ε21t, ε22t, ..., ε2nt}′ to investigate comovements. They estimate covariances separately and reconstruct the
variance-covariance matrix using the dynamic conditional correlation specification. This is the pure variance

model. Hecq et al. (2016) compare the pure variance model with specifications enriched with time varying

covariances and propose restrictions in three VAR specifications, the last one with variances only (Vecd

operator) being similar to Engle and Marcucci (2006).

M1 : Vech(εtε
′

t) = γ0 +A1Vech(εt−1ε
′

t−1) + ...+AqVech(εt−pε
′

t−p) + vt,

M2 : Vecd(εtε
′

t) = γ̃0 + Ã1Vech(εt−1ε
′

t−1) + ...+ ÃqVech(εt−pε
′

t−p) + ṽt,

M3 : Vecd(εtε
′

t) = γ̆0 + Ă1Vecd(εt−1ε
′

t−1) + ...+ ĂqVecd(εt−pε
′

t−p) + v̆t,

where vt and ṽt are martingale differences of the Wold or VAR representation of Vech(εtε
′

t) and Vecd(εtε
′

t),

and v̆t is a martingale difference if the DGP is a pure variance model. As they are martingale differences,

they might exhibit heteroskedasticity but not autocorrelation. Contrarily to a model with variances only,

the drawback of the first two VARs is that log transformations are not possible, which keeps the errors

non-Gaussian.

Simulation studies in Hecq et al. (2016) suggest that standard canonical correlation tests (in the spirit of

the ones proposed in Engle and Marcucci, 2006 and presented in Section 3) tend to over-reject the null of no

common factors. Moreover the approach becomes unfeasible when the number of series is larger than a few

and when the multivariate ARCH also includes past volatilities. Consequently, usual canonical correlation

should be avoided if the aim is to go above the investigation of commonalities in variances only between

two series. Canonical correlations do not even work in some specific cases such as the BEKK (Baba et al.,

1995) model with reduced rank model with r factors as F-BEKK(p, q, r) (see Lin, 1992). In particular a
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F-BEKK(0, 1, 1) reads as

εt = H
1/2
t zt,

Ht = Γ0Γ
′

0 + Γ1εt−1ε
′

t−1Γ
′

1,

= Γ0Γ
′

0 + γϕ
′εt−1ε

′

t−1ϕγ
′,

where for r = 1 for instance we have Rank(Γ1) = 1. For this setting a likelihood ratio test consisting to

estimate the full and the restricted model is to be preferred. The Gaussian ML estimator is the one that

maximizes the log likelihood function L(ϑ) =
TX

i=1

lt(ϑ) with

lt(ϑ) = −
n

2
ln(2π)− 1

2
ln |Ht(ϑ)| −

1

2
ε′tH

−1
t (ϑ)εt.

For instance in a BEKK(0, 1), the unrestricted model is Ht = Γ0Γ
′
0 + Γ1εt−1ε

′
t−1Γ

′
1 and the restricted one

Ht = Γ0Γ
′
0 + αβ

′
1εt−1ε

′
t−1β1α

′. Hecq et al. (2016) show that the LR test for the reduced rank BEKK with

r factors, performs well. The advantage of this LR approach over the canonical correlation is that it can

be easily generalized to F-BEKK(p, q, r). The main drawback of this approach might be the difficulty to

estimate the model for large n.

3.3.2 Reduced-rank vector heterogeneous autoregressive models

Anderson and Vahid (2007) propose to look at information criteria for determining the presence and the

number of principal component factors out of 21 Australian weekly stock return realized volatilities. When

computed at daily frequency,8 the realized variances are obtained using RVt ≡
PM

i=1 r
2
t,i, where rt,i are

the high frequency intra-day returns, observed for M intra-day periods each day. For instance M = 79

for 5-min returns when the market is open between 9 a.m. to 4 p.m. The bipower variation BVt ≡
π
2

M
M−1

PM
i=2 |rt,i||rt,i−1| is one of the measures of the integrated volatility that is designed to be robust to

jumps. About a dozen of other specifications have been proposed in the literature. See, i.a., Barndorff-

Nielsen and Shephard (2004) and Bauwens, Hafner and Laurent (2012).

It turns out that working with realized volatility measures (that become new "observed" variables) is

easier than estimating multivariate GARCH models. Moreover Gaussianity of errors is often assumed in the

realized volatility literature. For daily volatility measures however the dynamic dependency is larger than a

few lags. For instance, the univariate Heterogeneous Autoregressive model (HAR, see Corsi, 2009) captures

the long range dependence observed in daily time series by a restricted autoregressive model of order 22.

In order to capture the dynamic interactions within a set of n daily realized volatility measures Y
(d)
t ≡�

Y
(d)
1,t , . . . , Y

(d)
n,t

�′
, Bubák et al. (2011) and Souček and Todorova (2013) proposed, inter alia, to rely on a

vector heterogeneous AR model (VHAR hereafter), an extension of the univariate HAR model. The vector

Y
(d)
t can include either the same kind of volatility measure (e.g., the realized variance) for different markets

in a study of volatility co-movements or several volatility measures (realized variance, bipower variation,

etc.) for the same market in order to construct an optimal linear combination like in Patton and Sheppard

(2009) or Cubadda et al. (2017).

The Vector Heterogeneous Autoregressive model (VHAR) reads as follows:

Y
(d)
t = β0 +Φ

(d)Y
(d)
t−1d +Φ

(w)Y
(w)
t−1d +Φ

(m)Y
(m)
t−1d + εt, t = 1, 2, ..., T, (18)

8Anderson and Vahid (2007) use instead daily squared returns to estimate weekly realized volatilities.
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where (d), (w), and (m) denote, respectively, time horizons of one day, one week (5 days a week), and one

month (assuming 22 days within a month) such that

Y
(w)
t =

1

5

4X

j=0

Y
(d)
t−jd, Y

(m)
t =

1

22

21X

j=0

Y
(d)
t−jd.

Innovations εt are i.i.d. with E(εt) = 0, E(εtε
′
t) = Σ (positive definite), finite fourth moments.

One possible road to study reduced rank regression in a VHAR is to investigate the presence of common

HAR features and search for a combination of Y
(d)
t orthogonal to the past using instruments Y

(d)
t−1d, Y

(w)
t−1d

and Y
(m)
t−1d. This would be very similar to the investigation performed on multivariate GARCH but now we

have a model for realized volatilities. In the presence of heteroskedasticity in the error terms of the VHAR,

robust procedures presented in the previous section can be used. Under the SCCF restrictions, the reduced

rank model that assumes a common left null space is

Y
(d)
t = β0 +AC

(d)Y
(d)
t−1d +AC

(w)Y
(w)
t−1d +AC

(m)Y
(m)
t−1d + εt, t = 1, 2, ..., T, (19)

such as the combination A
′

⊥
Y
(d)
t does not have the HAR feature.

We can also look at commonalities in the right null spaces of the VHAR coefficient matrices by means

of the VHAR-Index model (VHARI) of Cubadda et al. (2017). In such as case, assume that (18) can be

rewritten as follows

Y
(d)
t = β0 + β

(d)ω′Y
(d)
t−1d + β

(w)ω′Y
(w)
t−1d + β

(m)ω′Y
(m)
t−1d + εt, (20)

where ω is a n × r full-rank matrix. In terms of parameters, (20) needs 4(n × r) − r2 instead of n2 × 3 in
(18). Obviously, common volatility is allowed in the VHARI model if there exists a full-rank n × s (with
s < r) matrix such that δ′β(i) = 0 for i = d,w,m.

Beyond the important aspect in terms of parsimony, there are two further motivations for using (20).

First, the indexes f
(d)
t = ω′Y

(d)
t−1d obtained from (20) satisfy the property

f
(w)
t =

1

5

4X

j=0

f
(d)
t−jd, f

(m)
t =

1

22

21X

j=0

f
(d)
t−jd. (21)

as for the observed univariate realized volatilities. Hence, the temporal cascade structure of the HAR model

is preserved given that the weekly (monthly) index is equal to the weekly (monthly) moving average of the

daily index. This would not be generally the case with traditional common feature models as in Engle and

Marcucci (2006).

Second, premultiplying both side (20) by ω′ yields

f
(d)
t = ω′β0 + ω

′β(d)f
(d)
t−1d + ω

′β(w)f
(w)
t−1d + ω

′β(m)f
(m)
t−1d + ω

′εt, (22)

which shows that the indexes themselves follow a VHAR model. When r = 1 the unique index is generated

by an univariate HAR model. As we have already noticed in the previous section, this property is not

shared by alternative methods to aggregate time series. Cubadda et al. (2017) offered a SA to estimate the

parameters of the VHARI.

The VHARI model can be extended to include realized covariances in the analysis, as it necessary for the

construction of optimal portfolios. A possible approach to follow is to apply the matrix log transformation

to the realized covariance matrix as suggested by Bauer and Vorkink (2001).
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4 Empirical illustrations

This section presents several empirical illustrations, focussing on guidelines for the reader.

4.1 Co-movements in housing prices

Based on the well known equivalence between the CCA and the full information maximum likelihood estima-

tor (FIML) (see Hannan, 1967), we illustrate several ways to set up a system to be estimated by FIML. We

consider the quarterly non seasonally adjusted house price index series released by the U.S. Federal Housing

Finance Agency. Although the variables are available on a longer span, we study in this presentation the

period 1990Q1 to 2020Q3. Indeed the 70s and the 80s data are more volatile; this impacts the robustness

of the results, for instance by selecting a different VAR lag length for different samples. We study all trans-

action house prices series in California and Florida. Figure 1 shows the level of the series, investigations are

performed for their logs.

We can observe a similar trending pattern in both prices. Surprisingly however, both usual ADF tests and

HEGY seasonal unit root procedures on the logs of series suggest (5% level) that they are stationary around

a deterministic trend; no deterministic dummies are relevant nor seasonal unit roots are present. Series being

I(0) around a deterministic time trend component, cointegration is not an issue for this investigation.

Figure 1: House price indexes
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We consequently start with a bivariate VAR in log levels with an intercept and a deterministic linear

trend. Information criteria favor p = 4 (with BIC) or 5 (AIC and HQ). The logs of the likelihood at its

maximum for p = 4 and 5 for the unrestricted models are respectively −626.6425 and −619.7050 with
T = 123 observations in both cases (we take the lags in the pre-sample period). Correlograms of residuals

do not show any signs of serial correlation. Although it is not the issue of our empirical analyses, it is found

that there is an unidirectional significant Granger causality relationship from California to Florida prices.

The first question we can ask ourself with this specification is the presence of a common deterministic

components in the trend and the intercept. To do so we compare unrestricted systems
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with restricted ones in which under RRR we have
"
π11 π12

π21 π22

#
=

"
α1

α2

# h
1 β2

i
.

There are two ways that are numerically equivalent in terms of their likelihood to evaluate a restricted

system. We can write the pseudo causal representations that we estimate by FIML in

"
1 γ

0 1

#"
lnCat

lnFlt

#
=

"
0 0

π̃21 π̃22

#"
1

t

#
+

pX

i=1

Φ̃i

"
lnCat−i

lnFlt−i

#
+

"
ε̃1t

ε̃2t

#

which means to add the contemporaneous variable lnFlt in the right hand side of the first equation and

delete the intercept and the trend. Alternatively one can also formalize a factor like structure

"
lnCat

lnFlt

#
=

"
α1

α2

# h
1 β2

i " 1
t

#
+

pX

i=1

Φ̃i

"
lnCat−i

lnFlt−i

#
+

"
ε̃1t

ε̃2t

#
.

Both approaches provide the same value of the likelihood. The advantage of the first one is that we can

also obtain standard errors of the combination of the series, namely on γ̂. The restricted likelihoods are

−627.8792 and −621.4003 for p = 4 and p = 5. LR tests are 2.473 and 3.39 for p = 4 and p = 5. They follow
a χ2(1), hence we do not reject the null of common deterministic components in both cases a a 5% significance

level.

Let us now leave the deterministic terms unrestricted to focus on the short run dynamics. We do not

impose a common left null space to both dynamics and deterministic coefficient matrices. The following table

provides the values of the likelihood under SCCF as well as for several non synchronous models. It emerges

that every restriction is rejected at a 5% significance level but the PSCCF(4) in a VAR(5). This reflects our

hesitation to choose the lag length. With p = 5, there is a trivial common feature vector annihilating the

last coefficient matrix.

Table 1 - Common Features tests statistics

SCCF PSCCF(1) PSCCF(2) PSCCF(3) PSCCF(4) Unrestricted

p = 4 −877.3379 −654.2018 −633.4261 −630.7047 − −626.6425
#restrictions 7 5 3 1

p = 5 −875.9611 −652.8442 −630.1269 −627.4759 −621.0366 −619.7050
#restrictions 9 7 5 3 1

From the previous table we conclude that there aren’t any common cyclical features generating the

dynamics of the system.

Similarly we can also look at multivariate index models that seeks for a common right null space in the
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matrix lag coefficients. The system with p = 4 and no restrictions on the deterministic components is

"
lnCat

lnFlt

#
=

"
π11 π12

π21 π22

#"
1

t

#
+

"
a11

α21

# h
1 c

i " lnCat−1
lnFlt−1

#
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.......

+

"
a14

α24

# h
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i " lnCat−4
lnFlt−4

#

+

"
ε̃1t

ε̃2t

#
.

We obtain logs of the likelihoods that are respectively equal to −887.9438 with p = 4 and −880.3337 with
p = 5. The MAI is consequently rejected by the data as well. In this application the only source of

commonalities apparently comes from the deterministic components.

4.2 Common cycles between Chilean and Peruvian economic growths

We investigate the degree of long and short-run dependence among two Latin American economies, Peru

and Chile. In particular, we consider annual real gross domestic products data (at 2011 prices) from 1900 to

2018 downloaded from the Total Economy Database9 . Figures 2 and 3 display the log-levels and the growth

rates of the series. We stick to the bivariate case for the sake of simplicity and we do not aim to perform a

formal study on the convergence mechanisms linking Latin American countries (see for that e.g. Hecq (2002)

or Christensen et al. (2011)).

Figure 2: Log levels of GDPs
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The log-levels of the variables are clearly non stationary and one does not reject the null of a unit root

in both log-level series. p−values are respectively of 0.34 and 0.35 for Chile and Peru using ADF tests
with an intercept and a linear trend. A VAR(3) characterizes parsimoniously the log-levels of the bivariate

process according to information criteria. Using the Johansen’s trace test we do not reject the null of no

9University of Groningen www.eco.rug.nl/ggdc.

21



Figure 3: Growth rates of GDPs
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cointegration, the p−value associated with the null hypothesis of no cointegration is 0.53. From Figure 2, it

might be expected that these series do not share a common tendency.

Consequently we proceed with a VAR(2) for the growth rates of the GDPs. We report next the values of

the unrestricted coefficient matrices, with t−tests underneath. In the event that there would exist a SCCF
vector, a quick look at those coefficient matrices reveals that the vector should not be so different from

[1,−1]′. This can be seen in the estimated parameters where the second row is roughly equal to the first one.
More formally, the likelihood ratio test statistic for a reduced rank is 0.074 which is much lower than the χ2(3)
critical values at any usual significance levels. The common feature relationship with t−test in parentheses
is ∆ lnChlt −0.9

(−3.367)
∆ lnPert, the RRR has 3 parameters less than the unrestricted VAR.
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5 Conclusion

The literature on the use of RRR models in economics and finance is vast. We have reviewed in this chapter

some of the most important specifications for the analysis of stationary or stationarized multivariate time

series. Unfortunately, we were not able to cover numerous contributions, both of theoretical and empirical

nature, that have been published in many good journals over time. Indeed, we focused on the specifications

that we believe are the most fruitful in time-series econometrics: common features, multivariate index models,

and common heteroskedasticity.

The take away message is that RRR is a very useful tool to detect comovements (not only the long-

run ones), to obtain efficiency gains through the imposition of parameter restrictions, and to boost forecast

22



accuracy. The drawback, but we personally are not sure that it is a real one, is that reduced rank restrictions

might not always be present in the data at hand, making the use of RRR in empirical research more

challenging with respect to tools that impose restrictions to the data without a formal pre-testing.
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